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Part 1: Classical Nonlinear Optics






Chapter 1

Nonlinear optical response

The subject we will take up for the majority of this course is what we call nonlinear optics,
which concerns itself with the interaction of high intensity electromagnetic radiation with
materials.

1.1 The fundamental idea: nonlinear response to light

Let us introduce nonlinear response by contrasting with the case of linear response. Suppose
we apply an electric field to a material. All materials are polarizable to some extent: if an
electric field is present inside them, then it will move charges around to induce polarization P.
In the linear electrodynamics of continuous media, we say that the polarization is linear in
the electric field with some proportionality constant x. The simplest linear relationship that
one could write is

P(r,t) = eoxE(r,1). (1.1.1)

This is an instantaneous and local relationship between the induced polarization and the
electric field: the induced polarization at position r and time ¢ depends on the electric field E
at position r and time t. The electric field is the total electric field, which differs from the
applied field insofar as the total field is the sum of the externally applied electric field and the
electric field associated with the induced polarization.

The instantaneous, local relationship is not the most general linear relationship one could
write. Indeed, if we think of the polarization as a linear functional of the electric field P[E(r, )],
then the most general linear relationship is one where the induced polarization P at r,t is a
linear superposition of the electric field at all other positions and times '.

P(I‘,t) = Go/drldtl )Z(I‘, rl,t, tl)E(I'l,tl). (112)

If we now ask: what is the most general functional P[E], there is no reason why that
relationship need be linear. We can however imagine that even if the relationship is nonlinear,
for weak enough fields, we could approximate the relationship as linear. And indeed, that’s

You might object that the polarization cannot depend on spacetime points with spacelike separations, or
even times later than the time in question. Both of these considerations work their way in as constraints on
the linear susceptibility.



the basic idea of nonlinear optics. The invention of the laser gave us access to focusable
electromagnetic radiation of significant intensity to see the influence of the nonlinear terms in
the polarization. In this class, we will develop the consequences of a nonlinear relationship
between the polarization and electric field.

If the electromagnetic field is strong, but not so strong, we expect that we can represent
the polarization in terms of a low-order Taylor expansion in powers of the electric field. We
express this Taylor series as 2

P(r,t) = iP(")(r,t), (1.1.3)
n=1

P (r,t) = 60/ <H dridti> X,(T,?,n (r,r1- Ty, t by tn) By (1, tn) - B, (T, En).

i=1
(1.1.4)
In this expression, we have made use of repeated index notation: Tjja;b; = > Tj;a;b;. We will

Z?]
generally make use of repeated index notation. This expression while appearing complicated,

is simply a dressed up multivariate Taylor expansion where the variables are E;(r,t): the

electric field of a given component, at a given position, and a given time is treated as a variable
e,
Although it is relatively straightforward to understand how a relationship like this comes
about, it is still extremely complicated, and we will need to simplify this. In this chapter
we will develop general constraints on the form of the nonlinear susceptibility, which will
arm us, in Chapter 2, to consider specific nonlinear interactions. We will illustrate these
ideas by computing the nonlinear susceptibility for a specific microscopic model: a classical
anharmonic oscillator. This microscopic model will also give us some indication of what
electric field strengths are needed to access nonlinearities. In this chapter, we will also see how
the existence of these nonlinear responses allows for phenomena such as harmonic generation,
sum-frequency generation, difference-frequency generation, and self-phase modulation.

3. The quantity (r,rq---rp,t,t1 - ty,) is called the nth order nonlinear susceptibility.

1.2 Classical anharmonic oscillator as a microscopic model of
nonlinear response

In this section, we will develop a simple concrete model of nonlinear optical response. This
model will allow us to see: what is needed microscopically to get nonlinear response, what
effects come from nonlinear response, why high-intensity is needed to access nonlinear effects,
and many other general properties of nonlinear response tensors. This is a very important
section: study it well, and you will have intuition about nonlinear optics as a whole.

2] omitted permament polarization, as in say a water molecule.

3Consider a scalar function f(x) of n variables x1 - --,. Then the kth term in the multivariate Taylor
1 ok

is essentially the nonlinear susceptibility and we have expressed only the vector index sums in repeated index
notation while treating the “sum” over continuous variables as integrals.

expansion, expanded about x = 0 is (in repeated index notation) Tiy -+ &, . The derivative term
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1.2.1 Linear oscillator

Let us consider a rudimentary model of a polarizable material as a collection of independent
and identical harmonic oscillators of density n, mass m, charge ¢, natural frequency wg, and
damping constant ~. If the material is overall neutral and so the picture is that each element
(atom) of the material is composed of one stationary charge of magnitude —¢ (representing for
example the nucleus which is much more massive than the electrons) and one movable charge
of charge ¢ (representing for example an electron). This model is called the Lorentz oscillator.

Each oscillator couples to the electric field E. The equation of motion for the position x

of each oscillator is
X+ 7% + wix = =, (1.2.1)
m
This equation is most readily solved in Fourier domain, and the solution can easily be seen to

be
x(t) = ;L:: eiwtw, (1.2.2)

where D(w) = (wf —w?) —iyw. Note that the frequency integration limits are —oo to oo. The

displacement of these charges constitutes a dipole. The polarization density is simply
P(t) = ngx(t) +» P(w) = ngx(w). (1.2.3)

In frequency domain, we may then write that

P@) = 5o B (1.2.4)

which allows us to identify the linear susceptibility as

2 2 1

(1) __nq _ g 1.9
X W) megD(w)  mey (wi — w?) —iyw’ (1.2.5)

The permittivity is related to the susceptibility by € = eo(1 + X(l)) and the index of refraction
by n = \/€/ep. 1 have neglected the tensorial nature of the permittivity since the response to

all field directions is the same. Therefore as a tensor, we have XZ(-;) = X(l)éij. If the natural
frequency and damping constants were different in different directions W(2),;c # w%yy #* wg’z

. . . . 2
(where z,y, z refer to three orthogonal principal directions), then we get y;i(w) = 7%:1%1, @
where D;(w) = (wai —w?) —iyw (and xi; = 0 if i # 7).

Let us review the important limits of this Lorentz oscillator.

1. At low frequencies, w < 7y, wy we have that the permittivity is constant and real, and
given by ng?/meq: this is the static permittivity. At frequencies wg > w > v, one gets
the same result. Thus, for frequencies much smaller than the resonance frequency of
the system, the permittivity is approximately non-dispersive (frequency-independent)
and real. At optical (wy ~ 10'6rad/s) frequencies and for densities typical in solids
(1029m=3), one gets a susceptibility of order 1.
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2. On resonance, the susceptibility becomes purely imaginary x(w) = ing?/(mepywo) and
large in magnitude (compared to one) when v < wp. The imaginary part of the
susceptibility is related to the rate of absorption of energy by the oscillator, and so on
resonance, the large imaginary part of the susceptibility signifies strong absorption.

3. At high frequencies, the susceptibility goes to zero: this is because for high frequencies,
the oscillator cannot keep up with the drive. The oscillator can only respond to the
field over a timescale w L and so over that timescale the electric field looks like it flips
sign many times, averaging out to nearly no driving force. This behavior, that the
permittivity goes to zero at high frequencies, is universal to all materials.

1.2.2 Cubic oscillator

The solution to the Lorentz oscillator is exact, and the polarization is linear in the electric
field. To get contributions which are nonlinear in the electric field, the potential has to be
anharmonic (in other words, it has to be a non-quadratic potential). In this section, we
consider the example of a cubic anharmonic oscillator in one dimension. The relevant equation
of motion becomes

&+ @+ wir + max® = gE(t)/m. (1.2.6)

This equation is not exactly soluble. We will solve it perturbatively, assuming that the linear
Lorentz oscillator behavior dominates (we will check for self-consistency after solving this
equation). We pursue a perturbation theory in powers of the electric field.

z(t) =Y w[EF(1), (1.2.7)
k=1

where 2[E"¥] is a functional which has k powers of the electric field. The sum starts from
k = 1 since no field implies no response if the system does not have permanent dipole moments.
To find the zj: one can plug in the series expansion and equate terms order-by-order. In the
quadratic term in the equation of motion, the lowest power of the electric field is two, and
does not contribute to the solution for x1. Therefore

By + vy + wizy = qE(t)/m. (1.2.8)
The solution is simply the Lorentz oscillator solution:

dw _; qE(w)/m
t)= | — e W 1.2.9
0= o " D) (1.29)
The first correction to the Lorentz oscillator behavior satisfies o + vio + w%xz + ax% =0
and thus:

A dws i iy —0(a/m)* Ew1) E(wn)
2m 2w D(wi)D(w2)
This can be solved by Fourier transformation. Fourier transforming both sides of the equation
yields

iy + Yy + wize = (1.2.10)

—a(q/m)*E(w1) E(wy)
D(w1)D(w2)

[(w% —w?) - iw| z2(w) = / %% 2m(w — (w1 +wg)) %

, (1.2.11)



with solution

 [dede o —alg/m)PE(e) Bl
_/ or om0 o) X S D o) D) (12.12)

where we have defined wy = wi + wy. The corresponding nonlinear polarization is P(2) (w) =
ngra(w). As advertised we have a nonlinear relationship between the polarization and the
field, which should define a x(?). We can define the second-order nonlinear susceptibility as
follows:

PO / %@ 276 (w — wo )X (w1, w2)) B(w1) E(ws), (1.2.13)

where
ang® 1

X .
m?ey  D(wy)D(w1)D(w2)
This definition is introduced to be consistent with standard texts in nonlinear optics. As can
be very clearly seen, a field that has Fourier components at frequencies w; and ws generates

polarization with Fourier components as w; + we. Why minus? Because a real electric field
always has its Fourier components come in +w (a real field satisfies F(w) = E(—w)*).

Y (w1, ws) = — (1.2.14)

Harmonic generation

One such consequence of this frequency-combining is second harmonic generation. If we have
a field component at frequency w; then one term in the polarization expansion is P(2w) ~
X (w,w)E(w)?. Recalling from Maxwell’s equations that a time-oscillating polarization at
frequency w produces a time-varying electric field at the same frequency, we see that by
illuminating a material with second-order nonlinearity with a field at frequency w, we can
generate a new electric field at frequency 2w. This is called second-harmonic generation and
is how nearly all green lasers work. They are based on the frequency-doubling of a relatively
intense infrared laser (often based on Nd:YAG).

Sum-frequency and difference-frequency generation

Similarly, if we have a field with frequency components w; and ws, we can generate a new
field with frequency w; + wy: second harmonic generation is a special case. This is called
sum-frequency generation. Also interesting is that a field at frequency wy —ws can be generated.
This is called difference-frequency generation, and is an important technique for generating
terahertz radiation. Consider a short optical pulse with complex field Ege~®0te=t*/27% g’
Fourier transform is proportional to e~ (W=w0)* o frequency components separated by Aw
can combine to give a field at frequency A. As can be seen from the Fourier domain field, A
can be arbitrarily close to zero, and so a terahertz field can be generated.

Optical rectification and Pockels effect

One also notices immediately from the preceding discussion of difference-frequency generation
that zero frequency radiation can be generated by a second-order nonlinear medium. This is
called optical rectification. The inverse process also exists. Suppose we have a superposition
of a DC field and an AC field at frequency w. Then there is a polarization that can be created

7



at w which is proportional to EpcE(w). This looks like a linear relationship between the AC
field and the polarization, and indeed, we can say that the DC field is changing the linear
susceptibility! This is the Pockels effect, and leads to the ability to shift the phase of an
incident light field with DC voltages. By applying a slow AC voltage, it is also possible to
modulate the phase and amplitude of a light wave in time!

We have already seen that the presence of an anharmonic potential leads to sum and
difference frequency generation (including harmonic generation and rectification as special
cases), as well as the modulation of the linear index of refraction. The generation of new
frequencies, and the modification of the linear index of refraction with an external control
field, are in a sense, the main effects of nonlinear optics.

1.2.3 Quartic oscillator

We now explore the consequences of a quartic term in the potential. One might argue that
the quartic term will provide sub-leading corrections to the cubic term. But the cubic term
doesn’t exist in a wide class of centrosymmetric materials. If the material looks the same
upon inversion: x — —xX, then we expect that reversing the sign of an applied electric field
would reverse the sign of the polarization. Even-order terms in the polarization expansion are
incompatible with this requirement, thus forcing that all even-order nonlinear susceptibilities
must vanish. Thus, in a centrosymmetric material, the lowest-order nonlinear polarization is
the cubic term.

Let us consider a centrosymmetric quartic oscillator. The resulting tensor properties
of the third-order nonlinear susceptibility depend on the exact symmetries of the potential.
We will consider an oversimplified model and consider an isotropic potential of the form
V(x) = $mb(r - r)?. The resulting equation of motion is

X+ 7% + wix + b(x - x)x = qBE(t)/m. (1.2.15)

Pursuing a perturbation series in powers of the field, it is clear that the part of the field at
linear order in the field is simply the Lorentz oscillator solution:

x(t) _/;i:: e—iwtw. (1.2.16)

There is no term at quadratic order in the fields: the lowest order term that the cubic force
term can generate is cubic in the electric field. The third-order response follows immediately

. B —bg® [ dwi dws dw Ciwgt (B(w1) - E(w2)) E(ws)
%) = 5 | 5r 2r 2x € D(wg);)(wl)DZ(wQ)D(ijg)’ (1.2.17)

with w, = wy + w2 + w3. The resulting nonlinear polarization is then given by

4
@),y _ —"ba /dwldwadws 3 (E(w1) - E(w2)) E(ws)
PHw) m? 27 2w 2w 2mo(w wU)D(OJa-)D(OJl)D(WQ)D(wg) (12.18)
In component notation, this is
- bq4 dw1 dU.)Q d(,U3 (E-(wl)E-(wg)) Ei (wg)
pPB () = " /2 PP A Ve . 1.2.1
i (@) m3 27 27 27 mow —w )D(wJ)D(wl)D(wg)D(wg) ( %)



The corresponding third-order susceptibility follows as

() _ _nd .
Xijki m3ey D(wy)D(w1)D(we)D(ws)

3 )

8k (1.2.20)

In the expression for P,”/(w), it is very clear that we could have written it as

: 2r 27 27w D(ws)D(w1)D(w2)D(ws)
in which case we might have written Xg?,)d 7:560 Do) D(wl) Do) (w3)5gl5m, or

P(g) _ —an @@%2 5(w ) (Ej(w2)Ej(ws3)) Ei(wi) (1.2.22)

2r 271 2m D(wg) D(w1)D(ws) D(ws)’

. . . 3 4
in which we would have written Xz(' j,)d = —ngeo yo]eom) D(wl)lD(wz) Do)

all the same expression and so we instead elect (for reasons to be made clearer later) to write
the third-order susceptibility in a manifestly permutation-invariant way. Thus, we settle on

0k10;5. These are of course

the expression
(3) ngt  6ij0k + Sk + 6ubjk

Xijkt = 7 330 D(we ) D(w1) D(ws) D (ws) (1.2.23)

Frequency generation

Compared to the case of second-harmonic generation, we see now that we can generate fields
at frequencies w1 4wy + w3. One consequence of this is third-harmonic generation. There is
also sum and frequency difference generation, just now involving three frequencies.

Self-phase modulation

A unique effect to third-order nonlinearity is self-phase modulation. This is associated
with w1 = w,ws = w,w3 = —w and always occurs (recall that any AC field has its Fourier
components come in +w pairs due to the reality of the field). This corresponds to a polarization
at the same frequency as the field and acts as if the linear susceptibility were intensity
dependent.

Cross-phase modulation

If we take w; = w',ws = w,w3 = —w then we get a polarization at frequency w’. This
corresponds to a change in the index of refraction at frequency w’ controlled by the intensity
of the field at frequency w’.

1.2.4 Intensity scale for nonlinear response

We have assumed that the nonlinear polarization terms are small compared to the linear
polarizations. Let us now estimate the electric fields required to violate this assumption. To
make matters simple, we will consider what happens at low frequencies. Let’s consider the
second-order susceptibility. The main problem is that we don’t know what a should be yet.
We can find the approximate magnitude of a as follows.



1.3 Properties of the nonlinear susceptibility

In this section, we work out a few key properties of the nonlinear susceptibility.

1.3.1 Locality

The relationship we wrote, (1.1.4) looks different than what is typically written in that we
have allowed for a generally nonlocal response: the polarization at r could depend on the
field at different points r’. That is typically negligible in nonlinear optics constants as it is
only important when the electric field actually varies on a scale comparable to the scale of
variation of x(r,r’) (I have only retained two arguments here for clarity). That scale is the
atomic scale, and since optical fields have negligible variations on this scale, the r’ dependence
is always integrated over in a way that has no dependence on the electric fields (since they can
be pulled out of the spatial integrals). This leaves us with a simpler, spatially local relation:

P (r,1) —eo/ (de)xm Lt ) By (1) - B (r ). (1.3.1)

Note that in writing this, I have not necessarily assumed that the nonlinear response is the
same at every point in space: as might be the case if I had a composite material. In other
words, I do not necessarily take space-translation invariance to be a given. In a uniform bulk
material, the r dependence would go away.

1.3.2 Time-translation invariance

Suppose we subject the system to a pulsed electric field E(r,t)* that arrives in some material
at time ¢ = 0. That is going to initiate polarization dynamics P(r,t). Now suppose I shift this
electric field in time so that the pulse arrives in the material at a time t = ¢y3. In other words:
E(r,t) — E(r,t —tp). The statement of time-translation invariance is that the resulting
polarization response is also shifted in time: P(r,t) — P(r,t — to). If we do not explicitly
modify our material in time (or modify it quickly enough), time-translation invariance can be
taken to hold.

Time-translation invariance is a powerful constraint. Suppose we shift our electric field by
time ¢, then we can write the resulting polarization as °

‘Pz(n) (I' = 60/ (H i ) Xi Vi1, 5in (I‘, ity tn)Ell (I‘, ty — to) e Eln (I', tn — to) (132)

“In this text, I will generally omit degrees of freedom if the relation holds for all possible values of the
omitted degrees of freedom. In otherwords, if the relationship is an element-wise relationship. For example
here, I have omitted the vector indices because time-translation symmetry holds for each vector component.
We’ll refer to this practice as omission of trivial labels. We will not always do this, and so if you think a label
is missing, ask if the relation holds for all values of that label!

5You may wonder below why, in keeping with the practice of omitting trivial labels, I did not omit r. This
dependence is too important to omit!
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However, this must be equal to the polarization induced by the undelayed fields up to a delay.
In other words, the left-hand side must also be equal to:

/(Hdtz) Y (it —to by ) By (v, t) - B (r ). (1.3.3)

Taking t — t — tp in the above equation implies that
X (b tn) = XM (E—to, b1 —to -t — to), (1.3.4)

where I have followed our practice of omitting the trivial space and direction labels. The
nonlinear susceptibility is fully time-translation invariant. Let’s go back to our relation for
the nonlinear polarization and express it as:

Pi(n)(r = 60/ <H dt’) Xiji1, o sin (r, 0,61 —t- -t — ) By (v, t1) -~ By, (v 1), (1.3.5)

We may always perform this shift. We may then define a function of only n time arguments:
)Z(n) i (0t =t -ty —t) — X( ) (t t1,--+ ,t—ty), and define the nonlinear polarization

1,01, 0401,

at nth order by

P7,(n)(r —60/ (Hdt> X7,Z1 ( ’t_tl"" 7t_tn)Ei1(rvt1)"'Ein(r’tn)' (]‘36)

We will henceforth always write the susceptibility in this way and so we drop the tilde that
we have been carrying around.
1.3.3 Frequency-domain representation of the susceptibility

The multi-convolutional form of the nonlinear polarization in (1.3.6) suggests a simpler
relationship in frequency-domain. Frequency-domain is of course very important in optics
because we often use light sources which are relatively narrow-band: in other words, they
have a reasonably well-defined center frequency (this is even true of 100 femtosecond pulses).
We may express the electric field in Fourier domain via

E(r,t) = / ;l—: e “B(r,w) < E(r,w) = /dt e“tE(r, t). (1.3.7)

Plugging this into (1.3.6) yields

n
dw; _. 4
P, 1) = ¢ / (H ti e t) X (et =ty E = 1) By (ryw) - By, (1, wn),
=1

(1.3.8)
which may be written as

n e dw; —iw n
P! )(r,t):eo/<H %)e ) (e wn) By (rw) - By (r,w), (1.3.9)

=1
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n
where w, = ) w;. In Fourier domain, the nonlinear polarization may be written as
i=1

P(r,w) = 6 / (H d“”) 2m8(w — wo )XY i (T, wn) By (v, 1) -+~ B (x, ).

L1 97
=1
(1.3.10)
The intuitive content of this equation is that an nth order nonlinear response converts n fields
at respective frequencies wi - - - wy, to a polarization at frequency w, = wy + -+ - + wy,.

A brief note on notation

The notation we are using here is not quite in keeping with Boyd and many other texts on
nonlinear optics. For one, Boyd for example write frequency sums as discrete sums. This,
in the instructor’s view, is a very continuous-wave oriented picture where we think of light
as consisting of a discrete sum of monochromatic frequencies. Of course, the discrete sum
notation is more general than that! If we assume that our fields and nonlinear susceptibilities
vary negligibly over some small frequency increment Aw, then we may write the Fourier
integral as a Riemann sum. For a true sum of monochromatic waves, such that the field
E(w) =) 6(w — wy)Ey, one could reduce the frequency integrations to sums weighted by the
n

nonlinear susceptibilities evaluated at definite frequencies (being careful about regularizing
the equations when two or more frequencies are identical).

Another notational departure is in the susceptibility. Almost all authors choose to write
X" (wi, - wn) as ™ (we, w1, - -+ ,wy) where one additional frequency argument is added
at the beginning of the list of frequency arguments. This frequency is always w,. This
argument is strictly speaking redundant but is a useful reminder as to what polarization
is being generated! I will usually not write it unless I want to make explicit connection to
canonical texts in nonlinear optics (e.g., Boyd).

1.3.4 Reality of the fields

The fact that the fields are real and the polarization is real requires that the time-domain
susceptibility is real:

Y m) = (X (o) (1.3.11)
This immediately implies upon taking the Fourier transform of both sides that

1.3.5 Intrinsic permutation symmetry

In Eq. (1.3.10), it is clear that wy - - -wy and 4; - - - 4, are dummy variables that get summed
over 9. Suppose we define “super-indices” oy = (i, wy,) and write the integral in Eq. (1.3.10)
as a sum, leading to the form:

PPw)=co Y 276w — wo)X\th...00 Bor * Ea

T,Q1 Ol

(1.3.13)

"t
Q1Op

5T will refer to discrete sums and integrals both as sums when appropriate and indices and continuous
variables both as variables when appropriate.
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For any given set of distinct indices, there are N, distinct permutations of them which are

all summed over. Denote the sum over permutations for a fized set of indices, o - - - «, as
>> . Then

Plai-an)

Y. =FEa-Ea, ), ng}l{al_,_an}. (1.3.14)

Plai--an] Plag--an]

We see that the susceptibility for any set of indices, is summed over all permutations of those
indices. The resulting sum over permutations is clearly permutation symmetric. As a result,
we are free to define the nonlinear susceptibility as being permutation symmetric with respect
to the superindices (we cannot permute only the frequency indices, or only the spatial indices).
We note that this is strictly speaking a choice, but it is a harmless choice because even if
we defined the susceptibility to not have this permutation symmetry with respect to the
superindices, we would only ever see its fully permutation-symmetric part *. Therefore, we
define the susceptibility tensor to have the property

() (n) (1.3.15)

Xi,P[alman] = Xi,ayon

This property is called intrinsic permutation symmetry.

1.3.6 Causality and Kramers-Kronig relations

We have been taking the time integrals to run from —oo to oo implicitly. Of course, the
response cannot precede the applied field. That immediately implies that the susceptibilities
have Heaviside theta functions #(¢ — ¢;) inside of them for all time arguments. Using the
property that 8(t — ¢;)? = 0(t — t;), we may write for example:

XM (et — b1, t—tn) = XM (e, t —t1, -t —t,)0(t — t;) for any i. (1.3.16)

We can in fact multiply by any number of Heaviside functions of any time argument, so in
general one could write

XM (et =ty t—tn) = XMt —ty, -t —t) [0 — ) ki € N (1.3.17)
=1

This relation implies a constraint between the real and imaginary parts of the Fourier
transform of the response tensor, called the Kramers-Kronig relation. The relation follows
from considering the Fourier representation of the Heaviside function,

d —iwt
o(t) = — lim [ — <
n—=0 ) 2mi w+1in

(1.3.18)

and plugging it into (1.3.16). Fourier transforming both sides of the equation yields

dw x™ ({w # w;i}, wi — w)
(n) PN = —1i 7X 19
X, sn) = =Ty [ o W+ in '

(1.3.19)

"The fully permutation symmetrized part of the tensor is (M) 32 Xinlz’[al---an]

Plo o]
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Shifting variables leads to

dw x™ ({w # w;i},w)
™) (... — i X iJ
) ==l | o

(1.3.20)

To proceed, we need to make use of the distributional identity known as the Plemelj (or
Sohotsky-Plemelj formula):

1
lim

1 .
L Y =P [m} +imd(z), (1.3.21)

where P denotes Cauchy principal value ®. Using this identity, one arrives at

X(n)(wla"'7 Zﬂfp/d X {w#w,} ) (1322)

w— wj

which is the statement of the Kramers-Kronig relation.
The Kramers-Kronig relation is most commonly stated as a relationship between the real
and imaginary parts of the function. For example, taking the real part of (1.3.22), we have

Im x(™)( ’
Re v (wy, - 0 p/d m X {fj”} w) (1.3.23)
and (n)
tn X, o) =~ 1P [ RN Zehe) (1.3.21)
i W — wj

Linear case

The by-far most useful application of Kramers-Kronig relations in optics is for linear suscepti-
bilities. Although this is a course on nonlinear optics, this is a very important result and is
often not covered in intermediate-level electrodynamics courses, so we discuss it here. In the
linear case, we have

Re y(! P/ tm X ) (1.3.25)
and D
m D (w) = —P/ Re x| (1.3.26)
LL) — W

The reality property for the linear susceptibility x()(w) = (x")(—w))* implies that the real
part is even under frequency-domain reflection and the imaginary part is odd. We may use
that to write the frequency integrals as ones with integration limits 0, co as

/I 1)
Re x(V) P/d u mx_w(Z ), (1.3.27)

8The Cauchy principal value is a distribution defined such that P f dxf (“) = hm . In other

N

a+e

words we integrate “everywhere except a”.
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For the imaginary part, we have

% | (1) (!
Tm ) (w) = _:p/dw'ReX(”). (1.3.28)

W2 — 2
0
A famous consequence of these relationships is that if the real part of the susceptibility (related
to the index of refraction) is frequency-independent everywhere then the imaginary part of
the susceptibility is zero identically. One may quickly check this from (1.3.27).

1.4 Dispersionless nonlinear media

In general, the nonlinear susceptibility depends on all of its frequency arguments. For materials
where the polarization approximately responds instantaneously to the field, the susceptibility
is independent of frequency. This is an approximation: no system responds instantaneously to
any field, but if one has a system where the lowest resonance frequency is much larger than any
of the frequencies in the electric field, the system can respond approximately instantaneously.
We can see this in our model of the anharmonic oscillator in which for all w < wy.

Then x(71,--- ,7n) = €0xd(71) - - - §(75,) and

B(t) = €0Xiiy-in Li (t) - By (t) (1.4.1)

It is also clear that
X(wi -+ wn) = X, (1.4.2)

and so in frequency-domain, we have:

n

P (r,w) = 60/ <H dWi> 270 (w — Wo ) Xiiy i (V) By (T, wi) -+ - By, (T, wp). (1.4.3)

L1 27
=1
It is clear from the expressions above that the frequency-domain susceptibility for a disper-
sionless medium must be real.
Dispersionless nonlinear media have important properties.

1.4.1 Existence of a conserved energy

A dispersionless nonlinear medium has a conserved energy. We will find that energy here. We
follow a different method from Boyd which is entirely classical *. A number of the results we
derive here are derived using quantum mechanics in Boyd.

To arrive at a conserved energy, we are going to explicitly derive a Hamiltonian for the
electromagnetic field. This is done by finding a Lagrangian that reproduces the equations
of motion (the Maxwell equations with nonlinear polarization) and derive the corresponding

9In his approach, he appeals to a quantum mechanical derivation of the nonlinear susceptibilities to show
various properties of a lossless / dispersionless medium. Our opinion is that one can arrive that these properties
consistently classically, and so we “prefer” our approach though it requires additional apparatus!
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Hamiltonian. We will use these results again later on. The Lagrangian which reproduces the
vacuum Maxwell equations is (see Appendix B)

:/mz,mmt:%%%@Wﬁ%vXAﬁ (1.4.4)

The Maxwell equations are arrived at through the Euler-Lagrange equation, which is
oL oL oL
i v — 9 ’
96 " A(Ved) T 0(9r0)

where ¢ refers to any component of the vector potential. For the vacuum Lagrangian, the
corresponding Maxwell equation is

(1.4.5)

1
VXVXA+§£AZQ (1.4.6)

which reduces to the correct Maxwell equation in the absence of free charges by noting that
E=-0A

In the presence of nonlinear sources, the equation of motion becomes
1
VXVXA+§¥A:uﬂzuﬁ£P@M. (1.4.7)

We want to find a term of the Lagrangian density £, that produces this additional term in
the equation of motion. It is not hard to guess that the term is

o0
1
Lot = €0 D - Xivhiaeoin Fir i+ 1,1—60}: X, i) Di) - (DA,
n=1

(1.4.8)
This Lagrangian density contributes to the equation of motion via a term

0
8(815 pOl = €0 ZX“YLQ 74n e Ezn - P (149)

In writing this, I have used the fact that the nonlinear Lagrangian density implicitly picks
out the fully symmetric part of the susceptibility tensor. Since the Lagrangian generates
dynamics, it must be the case that we can simply take the nonlinear susceptibility to be
symmetric with respect to all of its indices. This is equivalent to a Kleinman symmetry '°.The
resulting equation of motion is what we expect. The total Lagrangian density, including the
parts that reproduce the vacuum-field Maxwell equations is

€
czgwﬂf—éwaf+%& (1.4.10)
The Lagrangian can be converted to a Hamiltonian density via

oL (1.4.11)

Xloll 12+ i n'*

(OA) = L= (B2 +BY) + Y () BBy B,

ONote that the n = 1 term is the linear response, which can be included here without loss of generality.
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For a system with time-translation symmetry, like this one, there is a conserved energy which
is simply the integral of the Hamiltonian density. We may therefore say that the conserved
energy is

n n
/dr?—l /dr ( (eE? + ¢*B?) +Zn+1X§O}m ZHE10E11~-.E1~”>, (1.4.12)

where we have separated out the quadratic term in £, in order to separate the Lagrangian
density into quadratic and non-quadratic parts. Occasionally, we will use a simplified notation
for the nonlinear terms representing the full contraction of the nonlinear susceptibility against
(n+1) fields:

/drH /dr < (eE? + *B?) +27X< n) :E®<”+1>> : (1.4.13)

Since the energy associated with the electromagnetic field is conserved, we call such a system
lossless.

1.4.2 Kleinman symmetry

By construction of a Lagrangian £ that reproduces the Maxwell equations, it is required by
construction that the nonlinear susceptibility can be taken to be fully permutation symmetric
with respect to its indices. This is referred to Kleinman symmetry. There is an related
symmetry called full permutation symmetry which says that we can permute any the indices
(including the first) as long as we simultaneously interchange the frequency indices. Kleinman
symmetry can be seen as a special case of full permutation symmetry in which the nonlinear
susceptibility is frequency-independent.

Application to second-order susceptibility

The Kleinman symmetry can be used to represent second-order nonlinear polarization in a
simplified manner. Define (as has been historically done)

1 ¢
dijl = 5)(5]-;1- (1.4.14)

In a lossless medium, the indices d; 1, is completely symmetric under any interchange of indices:
it is therefore symmetric with respect to interchange of j and k. As a result, we can take
diji — dy where £ =1,...,6 and maps to (j, k) via:

(1,1) - 1,(2,2) — 2,(3,3) = 3,(2,3)/(3,2) — 4,(1,3)/(3,1) = 5,(1,2)/(2,1) — 6.
(1.4.15)
This reduced form is called contracted notation. Of course, we know that d;;, has full
permutation symmetry, and so these 18 components of d; are not independent. There are
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10 independent components ''. The independent components can easily be found to be:

11,12(= 26),13(= 35), 14(= 25 = 36), 15(= 31),16(= 21), 22, 23(= 34), 24(= 32) and 33.

Using contracted notation (replacing x;jx by ds), we may express second-order nonlin-
ear phenomena more compactly. For example, consider sum-frequency generation of two
monochromatic waves. Assuming that we have a field >

E(t) = E(w;)e ™ + E(wy)e™ ™2t + E(w;)*e™!! + E(wy)*e™?". (1.4.16)
The second-order polarization component at the sum-frequency is

PP (w1 +wn) = 260X ) B Ba e = deod g B (wr) By (w2). (1.4.17)

)

Written in terms of contracted notation, this could be written as

E:):(Wl)Ex(WQ)
E E
PP (w) + wy) dir diz diz dia dis di EygzliEyEf;
P(Q)(w —|—w) :460 d21 d22 d23 d24 d25 d26 R,
E dy dsp dsy sy dg dyg) | Dr@)ER@2) + E@) Eylws)
PO (w1 + ws) a1 daz daydse a5 dss/ | e S p N LB () By (w)
Ex(wl)Ey(WQ> + Ey(wl)Em(w2)
(1.4.18)

P (w1 + w2) di1 dig diz dig dis dig B ) B
PZSQ) (w1 +wz) | =4eo (dig d2 dog dpg dig diz] | (wl)Ez€w2)1+ ;32(6201)E (ws)
P (wi + wo) dis dog d3z dag diz dig Ez (1) E. (twn) + E.(w1) Ei ()
Ey(w1)Ey(w2) + Ey(w1) Eg(w2)
(1.4.19)

2
P )(QW) diin diz dig dia dis dig
P352) (2w) | =260 | dig doz dog dog dig di2
P (2w) dis daa dgz daz diz dis 2B () E. ()

(1.4.20)

1 Of the components of ngz;)g where all three indices are different, five of those six are redundant. Of the
components where two indices are different (there are 18 such), 12 are redundant. Of components where all
indices are the same, there are no such redundancies, leaving 10 out of 27 non-redundant components. Of
course, it must be the case that d; carries the same information as ng,l and so the number of independent
quantities in either must be the same.

12Your instructor would have preferred to multiply this expression by 1 /2 but Boyd uses the convention below.
To make the resulting expressions directly comparable to the textbook, I use (begrudgingly) the convention
without the 1/2.
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1.4.3 Effective value of d: d.g

It is sometimes useful to recast the relations for field and polarization as scalar relations. For
example, it is possible to write for sum-frequency generation

P(w1 + CUQ) = 460deﬂE(u}1)E(w2), (1.4.21)

where P = |P|, E = |E|. The effective d value depends on the exact symmetries of d;;. For
example, as Boyd describes, for the 3m crystal class,

doff = d31 8in @ — dag cos 0 sin(3¢), (1.4.22)

when the two lower-frequency waves have the same polarization, where 6 is the angle between
the propagation direction and the crystal axis (defined to be the z direction). ¢ is the angle
between the propagation vector and the xz crystalline plane.
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Chapter 2

Effects resulting from second-order
optical nonlinearity

In the previous chapter, we developed the consequences of a nonlinear relationship between
polarization and electric field, anticipating phenomena such as harmonic generation, sum-
and difference-frequency generation, and self-phase modulation. We also developed formal
properties of the nonlinear susceptibility. In this chapter, we develop in detail the consequences
of second-order nonlinear polarization governed by x(?) for the generation of light at new
frequencies, as well as the modification of the refractive index of a material by static voltages.

2.1 Wave equation description of nonlinear optics

Recall the fundamental idea that we described when taking about the anharmonic oscillator: a
field with frequency components wy - - - w, will lead to the creation of polarization at frequency
We = w1 + -+ -wyn. Maxwell’s equations tell us that polarization at frequency w, generates
a field at frequency w,. We will now make this explicit and concrete in this section by
discussing Maxwell’s equations in dielectric media. Then we will analyze a few canonical cases
of second-order nonlinear interaction: sum-frequency generation, second-harmonic generation,
difference-frequency generation, and the electro-optic effect. These effects form the modern
backbone for much contemporary research in nonlinear optics.
In time-domain, Maxwell’s equations can be combined to yield:

V xV x E(r,t) = —upd(J(r,t) + €00 E(r, 1)), (2.1.1)

which, introducing the polarization via J = 0;P, can be written as
V xV xE(r,t)+ C%@fE(r,t) = — 0P (r,1). (2.1.2)
Using the identity V x Vx = V(V-) — V2, we have
V(V-E(r,t)) — V?E(r,t) + C%@fE(r, t) = —pod?P(r,t). (2.1.3)

Typically in linear electromagnetism you might be accustomed to dropping the V - E(r,t)
term because it vanishes: in nonlinear optics, it is nonzero due to the anisotropy of the
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linear dielectric properties of the medium®. In fact, as we will learn in our discussion of sum-
frequency generation, anisotropy is required to enforce a certain relation called phase-matching
needed for efficient sum-frequency generation. However, the anisotropy of the linear dielectric
properties is usually small - differences in the index of refraction in two directions can be less
than 5% and so it leads to a small correction to the allowed polarizations of the electric field.
Therefore, we will drop the divergence, leaving us with the equation:

1
V2E(r,t) — 507E(r,t) = uod;P(x, t). (2.1.4)
c
In Fourier domain (in time), this may be written:
2 ) 2
VZE(r,w) — 50;E(r,w) = —powP(r,w). (2.1.5)
c

Importantly, we see what we were saying: polarization at some frequency leads in general to
a field at the same frequency.
It is customary to separate out the linear contribution to the polarization, writing the
polarization as
P(r,w) = ¢y(e(w) — 1)E(r,w) + PNp(r,w), (2.1.6)

leaving us with the form of the equations we wish to use:

2

V2E(r,w) + e(w)%E(r,w) = —pow?P(r, w). (2.1.7)

To proceed, we will need to analyze specific scenarios and geometries.

2.2 Sum-frequency generation

Consider a situation in which we have two plane waves of frequencies w; and wo impinge upon
a second-order nonlinear crystal at normal incidence. They couple to this medium, and so
at the input, there are two forward propagating waves E;(r,t) and Eq(r,t). Taking their
common direction of propagation as defining the z-direction, we may express the fields as

Ei(r,t) = & (Aieikiz—"wit + A;e—““ﬂ”wit) : (2.2.1)

where A; is the complex amplitude and ¢; is the polarization. Now suppose that these two
waves under sum-frequency generation, producing a third field E(r,¢) in the z direction with
frequency ws = w1 + we. The sum frequency wave must be in the z direction. The reason is
that the sum-frequency polarization is proportional to e!®1+k2)T and so the wavevector of
the generated field is ki + ks. Assuming that fields 1 and 2 propagate in the z direction, that
forces the third to also propagate in the z direction. That third-field can be expressed as

By(r,1) = é (Ageo o0t 4 pgemhosriont ), (2.2.2)

n vacuum, this is because of Gauss’ law, V- D = V - €E = pgee which tells us that the divergence of the
displacement field vanishes in the absence of source charges. In an isotropic and uniform medium, V-D = ¢V -E
and so the electric field divergence vanishes. In an anisotropic medium, e is different in at least two principal
directions and so it cannot be factored out of the divergence.
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As this sum-frequency field gets built-up from nonexistence, it must draw energy from the
fields at frequency w; and wo. We know that the intensity, which is the energy per unit time
and area associated with the light field, goes as the square of the complex amplitude, and so
the complex amplitudes of the two initial fields (1 and 2) must change.

To capture these changes, we make an ansatz of steady-state operation: the amplitudes
are constant in time, but not in space. This describes a situation in which the field generated
by sum-frequency generation propagates from the region in which it was generated. Since z is
the common direction of propagation, we write all three of our fields as

E;(r,t) = & (Ai(z, tyethizmiwit 4 A% (2, t)e_iki”’”wit) , (2.2.3)

and pursue an equation of motion for A;(z,t). In what follows, we will make a very common
approximation in wave optics, which is the slowly-varying envelope approrimation (SVEA):
this approximation states that the normalized rate of the change in the amplitude envelope
|0:A;|/|A| < ki|A|. This is a reasonable approximation in most cases since the sum-frequency
generating interaction is relatively inefficient and the amplitude changes at most by some
tens of percent over often millimeters or centimeters of propagation. The SVEA manifests as
follows: plug in our ansatz into the Maxwell equations: we then get

_— w? "
(83141(2)6““61- + e(wi)c—;eiAi(z, t)elkzz) = —powiPy(2). (2.2.4)

In writing this, we have (a) ignored transverse coordinate dependence of the fields (assuming
plane waves in those directions), and (b) expressed our polarization in the form

P;(r,t) = (Pi(z)e_i“’it + Pf(z)ei“’it) , (2.2.5)

where I have made no assumption yet about the direction and wavevector of the polarization.
Importantly, the second derivative can be expressed as

2A;(2)e™M* = e*i% (92A + 2ik;0, A; — kP A) ~ €%i7 (2ik;0,A; — kP A) (2.2.6)

using the slowly-varying envelope approximation?.
Putting it all together, we get (after some additional simplification)

2 .
2ik¢82Az,i + (éz . (e(w,)éz)uc)—; — k?) Az(z) = —,quZZéL' . P(z)e_’kiz. (2.2.7)

In what follows, we will neglect the anisotropy and pretend that the permittivity is a scalar
such that e(w;)w?/c? = k? such that we are left with the equation®.

. 2 )
0uAss = L 0e  P(z)eh (2.2.8)

Why didn’t we also drop the first-derivative term?

3This is what is done in Boyd (he drops the tensorial nature of the permittivity): strictly speaking not
very rigorous. One should have retained the divergence terms and then the non-derivative terms would have
cancelled as the correct Maxwell equation for a plane wave polarized along some principle direction follows
from the equation —k x k x é = eéw?/c?
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We are now left with evaluating the nonlinear polarization. For the wave at frequency ws we
may write

Pi<CU3) = 60)(1(»]271(0)3, wl,wQ)€3,¢€1,j€2,kA1Agei(k1+k2)z, (2.2.9)

while for frequency w; we have

Pi(w1) = €0X§]2-;)€(w17w3, —w9)é1 463 jég p Ag Al RaTh)2 (2.2.10)

and for frequency wy we have
2 ~ A~ A~ *x 1 —
PZ‘(WQ) = ongj])c(w%w?,, —wl)627i637j617k14314262(k3 kl)z. (2.2.11)

In what follows, we will consider the most important case of sum-frequency generation
which is when the material is lossless (approximately) and thus dispersionless. Then, with
full permutation symmetry, we find that

éi - Pi(ws) = deodeg A1 Ase’ P77 & Pi(wy o) = deodeg Az Ay et Fsh20)7, (2.2.12)
Therefore, we may write

- 22‘w§ deft

D, A3(2) = g Aq ApelBk? (2.2.13)
2iwid, .
0. A1 (2) = “‘glk Ay Age ik (2.2.14)
C"R1
2iw3d, ,
8, As(2) = 22022]{:2HA3AT6_2A]€Z, (2.2.15)

where Ak = k1 + ko — k3. These are the equations of sum-frequency generation.

2.2.1 Sum-frequency generation in the non-depleted approximation

In general these equations are nonlinear and difficult to solve (there is an exact solution).
That said, most of the insight comes from the regime when the nonlinearity is weak and the
intensity built up in the sum-frequency is much smaller than the intensity in the driving fields.
Then, we may approximate the driving fields as constant in space. This is the non-depleted
approximation. Then, we may integrate the equation for Az directly up to a length z = L,
finding

 2iw3deg etARL

2iwdeog
A3 (L) - 02 ]Cg = :

1Ak N Czk‘g

A1(0)Az(0)e*AFE/2 [sine %Ak:L .

(2.2.16)
The intensity in the sum-frequency wave is then given from Poynting’s theorem as 2eqnsc|As|?,
in terms of the intensities of the incident waves, as

A1(0)A2(0)

2
L(L) = 2w deft 1,(0)15(0) L?sinc? <;AkL> . (2.2.17)

Nn1NaN3€ECS
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Importantly, the intensity in the sum-frequency field is proportional to the product of
the intensities of the incident fields, quadratic in propagation length, and weighted by the
sinc factor, which rapidly decays if AkL > 1. The sinc factor is maximized when Ak = 0 or
equivalently when

k1 + ko = k3. (2.2.18)

Of course, by construction, it is also the case that
w1 + wy = ws. (2219)

This condition is called the phase matching condition and in a photon picture could be
thought of as an expression of energy-momentum conservation. It is clear that to have efficient
generation of the sum frequency, we must achieve phase-matching. While we have only derived
this in the perturbative limit, it holds generally.

2.2.2 Phase-matching

The phase-matching condition is not automatically satisfied and in fact takes some doing to
satisfy, and it can be satisfied using different techniques. We discuss this here. The wavevector
condition can be expressed as

n(wr)wi + n(w2)we = n(ws)ws = n(ws)(wi + wa). (2.2.20)
Combining this with the frequency-matching condition, we have

n(wl)wl + TL(LOQ)(,UQ
w1 + w2

= n(ws). (2.2.21)

This equation is in general not satisfied. For example, many materials present positive
dispersion meaning that the index increases with frequency. In the infrared and visible
range, this is typical. Let us assume that the material is isotropic and is thus described only
by one index of refraction at each frequency. In a system as described, phase-matching is
impossible to satisfy, precluding efficient nonlinearities. Suppose without loss of generality
that ws > wy > wy. Then for positive dispersion, we also have n(ws) > n(wz) > n(wy). The
expression on the left-hand side of the above equation is the frequency-weighted average index
of refraction between waves 1 and 2. There is no way for this quantity to be larger than n(ws),
and therefore cannot be equal to n(ws).

2.2.3 Birefringent phase matching: angle and temperature tuning

One way to deal with phase-matching is to use anomalous dispersion: near a resonance of
a material, the index can decrease with increasing frequency. This is not the most common
solution that is used: instead, we typically exploit the natural anisotropy of a system, the fact
that the index of refraction is different in different directions. Let us analyze the example that
Boyd does, of a material in the 3m (trigonal) crystal class. For a trigonal system, we have
that there are two distinct principal values of the index of refraction, n. (e for extraordinary)
corresponding to field polarization along the crystal or ¢ axis of the system, and n, in the two
directions perpendicular to the c-axis. We call such a system uniazial because there is one
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principal axis with a distinct index of refraction (the c-axis), while the other two are equivalent.
A biaxial system refers to the case where all three principal directions have different indices
of refraction.
For a wave propagating along wavevector k at an angle 6 to the c-axis, the effective index
seen (as shown on Problem Set 1) is
1 sin?f  cos®@

= + . (2.2.22)

n?(0)  ng ng

Importantly, the index of refraction associated with extraordinary polarization and ordinary
polarization can be different. Ordinary polarization refers to the field polarization (technically
D-field) being orthogonal to the c-axis, while extraordinary polarization refers to the other
polarization state which has a nonzero projection with the c-axis. In a negative uniaxial
system, n. < n, while in a positive uniaxial system ne > n,.

How does this help with phase matching? If all three waves in the SFG process have
ordinary polarization, we can’t phase-match, assuming positive dispersion. If all three waves
in the SF'G process have extraordinary polarization, we also cannot phase-match in the case
where all three waves propagate in the same direction (collinear SFG). It is the same argument
as in the isotropic case.

However, we see from the argument we made in the isotropic case that if we could somehow
make ng lower than nsy, phase-matching could at least be possible. This is the idea behind
type-1 phase-matching, which refers to the case where the two input waves have ordinary
polarization and the sum frequency wave has extraordinary polarization (in a negative uniaxial
crystal*). You might also imagine in the case of the negative uniaxial crystal that I could
get away with making one of the two input polarizations extraordinary (the lower-frequency
input would be easier because it pulls the weighted average down less). That is the case of
type-1I phase matching®.

Let us now see how this all shakes out mathematically. Let us consider type-I phase
matching for second-harmonic generation (w + w — 2w). You can convince yourself that the
phase matching condition is simply (in the negative uniaxial case)

2wne(w) = 2wne(2w) = no(w) = n(2w, ). (2.2.23)

If we take our three waves to have the same direction, which is at an angle 0 to the c-axis,
then our phase matching condition becomes

1 sin? @ cos? 0
= + . (2.2.24)
ng(w)  nZ(2w)  n3(2w)
We may express this as
1 1
. 2(w)  n2(2
sin?g = Lol)  roC) (2.2.25)

n2(2w)  n2(2w)
Let’s sanity check this. Phase-matching implies that this equation can be solved for some
angle, meaning that the right hand side is between 0 and 1. If the right-hand side becomes

In a positive uniaxial crystal, we reverse the polarizations (inputs are extraordinary, output is ordinary
®Again, for positive uniaxial crystals, reverse the polarizations
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negative, or larger than 1, we can’t phase-match. We know that lots of normal dispersion
makes phase-matching harder, and we know that birefringence makes things easier. Note that
by assumption that we have normal dispersion, the numerator is positive. Similarly, assuming
a negative uniaxial crystal implies that the denominator is positive. If the normal dispersion
is strong, then the numerator increases, pushing us away from having a solution. Similarly, if
the birefringence is weak, then the denominator gets small, having the same effect of pushing
us away from having a solution. So we see that we have a kind of ratio of dispersion to
birefringence.

Of course, for a given frequency, the principal indices of refraction as a function of frequency
is fixed, and so we can think of the right-hand side as fixed. By rotating the crystal however,
we change the angle of the c-axis to our incident light direction, and so we can think of
performing angle tuning until phase-matching is satisfied.

There is a severe drawback related to angle tuning, which is spatial walk-off (in Problem
Set 2, you’ll analyze temporal walk off of pulses). In reality, we don’t send plane waves at a
crystal, we send localized wavepackets. You might imagine then that if the two input field
wavepackets and the sum-frequency wavepacket do not overlap in space, there should not be
a nonlinear interaction since the nonlinear polarization cares about the three fields at the
same location. Let us consider again the case of type-I phase-matching for second-harmonic
generation. The fundamental (input) wave has a group velocity along the direction of k. The
harmonic however, does not®. As a result, the harmonic moves in a different direction and
speed from the fundamental and so after some “drift time” they will not overlap, ceasing the
nonlinear interaction. This is called walk-off for reasons that are sufficiently self-explanatory.

This can be avoided by temperature tuning. By changing the temperature of the medium,
we can change n,.(w) and n,.(2w) to satisfy the phase-matching equation for angles 6 for
which walk-off does not occur. Those angles are, as per the previous footnote, § = 0 and
0 = /2. Of course, §# = 0 cannot get you phase-matching by assumption that there is normal
dispersion (even with temperature tuning). Importantly, for temperature tuning to work, we
need the birefringence to respond strongly to temperature while the dispersion responds less.
The opposite case would suppress phase-matching.

2.2.4 Quasi-phase matching

There is another powerful trick for achieving phase matching, involving in principle no
temperature-tuning, no birefringence, and using collinear fields. This is of course very helpful
as it gets around a bunch of the issues mentioned above! It also allows access to elements
of the d tensor that are often the largest. For example, in some materials, including lithium
niobate, dss is the largest element. However, if the polarizations of the three waves in SFG
or the two polarizations in SHG are not the same, then ds3 does not contribute to deg. Of
course, if the polarizations are the same, we run into issues related to normal dispersion.
The solution is to periodically flip the sign of deg (equivalently, flipping the sign of 2.
How do we do this? From the standpoint of the cubic oscillator we analyzed, the sign of
@ is controlled by a the constant setting the cubic contribution to the potential felt by the

5Tn an anisotropic medium, the group velocity is Viw(k). For the extraordinary polarization, we can take
the result in Problem 1 and write 2wk Viwk = ¢2 (]27216 (5‘2# + CO;#) + éks‘fl—zze — 5”2—229) This clearly has a

nonzero component along k unless 6 = 0 or = /2
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oscillator. It turns out that in centrosymmetry breaking materials like lithium niobate, they
are ferroelectric having a permanent electric dipole moment not unlike the permanent magnetic
moment of a ferromagnet like iron. You can imagine that the presence of frozen permanent
dipoles in a material creates a strong potential for electrons, and is solely responsible for
breaking centrosymmetry’! The direction of these dipoles can be reversed by application of an
electric field, thus flipping the sign of the symmetry-breaking potential and this is effectively
“flipping a”. So our plan is to periodically flip the polarity (in a way to be elaborated) of our
ferroelectric: this is called periodic poling®.

Physically, why does this help? Suppose we have a segment of nonlinear material of fixed
polarity, and assume we’re doing SFG where all three polarizations are the same in a normally
dispersive material. As we have established already, we cannot phase match. Therefore,
Ak # 0, and we expect to see that, in the case of weak depletion, As is given by (2.2.16) and
will first rise but then come back down. Suppose that when |A3| reaches its maximum at
z = m/Ak, we suddenly flip the sign of d: then A3 will increase instead of decrease. It will
basically “copy” its evolution from 0 to z. When that branch reaches its maximum, flip the
sign of d again. This tells us automatically what the period of our poling variation should be.
If the period of A is

A= (2.2.26)

then we're in business. Our graphical argument however suggests that we could let %Akz =
(2m + 1)m /2 before flipping the poling direction, allowing also for periods (4m + 2)7/Ak.

Let us suppose now that we have a periodic deg in the equations for SFG that we have
developed (with period A). Then it may be written as

der(z) = > dpme®™™/™, (2.2.27)

m=—0Q

In what follows, suppose one particular harmonic ¢ allows for phase-matching. We take only
that harmonic”, thus approximating deg(z) ~ dquWiq/ Ay dZe_Qm‘]/ A The coupled amplitude
equations become:

2iw3d ,

0. As(z) = Zc‘g)zqulAQequz (2.2.28)
2iwd: .

9. A1(2) = ﬁlquA;e*quz (2.2.29)
2iwad ,

0. Ay(z) = ﬁAgAie_ZAqu, (2.2.30)

where Ak,, = k1 + ko — k3 + 2mq/A. Clearly, in the non-depleted pump case, A3 has a chance
to build up coherently over long distances if one of these Ak, terms is zero.

"At high temperatures, LN is a cubic paraelectric and is thus centrosymmetric and doesn’t have second-order
nonlinearity. This also tells us that we can probe symmetry-breaking phases of matter by their second-harmonic
/ nonlinear response.

8Terms in nonlinear optics make a lot of sense about 98% of the time.

9The other terms give a small oscillatory contribution that could be ignored.
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2.2.5 Manley-Rowe relations

Let us go back to our analysis of the coupled-wave equations for sum-frequency generation.
We were able to simply solve these equations in the undepleted approximation. But let us
consider what physical statements are true outside of this approximation.

Clearly, we expect energy conservation to hold, which indicates that in a steady-state
situation, the total intensity of all three waves is invariant under propagation if no energy
builds up in any sub-region of the system. Therefore, we expect that

d
(L + L+ 13)=0. (2.2.31)

For continuous-wave light, the time-averaged intensity of any one wave is I; = 2egn;c|A;|**°
Therefore, we expect to see that

e an|A > = 2anRe A*

This may easily be checked to be true of the coupled-amplitude equations. In particular, when
calculating the z-derivative of the intensities, you would find that

=0. (2.2.32)

dIl 2&)1 deff

= 2¢pc Re (A} A Age Ak, (2.2.33)

dz c

I 2 :

% — 9epe 222 et AL AL Age 1Ak (2.2.34)
z

and dI 23

d;” ) Pt HRe iAy Ay ALeitkz (2.2.35)

z

The sum of these terms vanishes if wi + wo — w3 = 0, which is true by construction. In writing
this, we notice another set of exact relations, namely:

dMy,  1dL 1 dl

= 1 - e 2.2.
dz w1 dz  wo dz 0 (2.2.36)
dM13 1 d[l 1 dI3
el 2%, 288 2.2.37
dz w1 dz  wg dz ’ ( )
and dM: 1dl, 1 dI
273 = 772 _I_ 773 e 0‘ (2.2.38)

dz we dz = w3 dz

These relations are called Manley-Rowe relations, and indicate that the following quantities

are invariant:
M12_£_7M13_£+7M23_£+£ (2‘2’39)
W] wo wp  ws wy  ws
Invariants are physically useful quantities and often correspond to quantities with clear
physical interpretation such as energy, momentum, angular momentum, etc. The Manley-

Rowe invariants correspond to conservation of photon number. In particular, let us consider

0T his is assuming that we specify a CW field as F; = Aze it A7 etwit,
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the photon picture of sum frequency generation. In sum frequency generation, we have one
photon at w; is annihilated, one photon at ws is annihilated, and one photon at ws is created.
Let us imagine that as time elapses, sum-frequency generation processes occur. Then we
certainly expect some type of deterministic relation between changes in the number of one type
of photons and photons of another. If the number of photons per unit length at frequencies
w1,2,3 is 1123 respectively, then we expect that

dm dTLQ dng

b S 2.2.4
dt dt dt’ ( 0)

where the number of photons per unit volume at frequencies wy 23 is n1,2,3. To relate this to
z derivatives, remember that these photons are all moving with their own velocities v; (the
speed of light divided by the index of refraction). Therefore the time derivative is in fact
d/dt = 0/0¢ + v;0/0,. In the steady-state assumption, the partial time derivative vanishes
and we are left with v19,n1 = v20,n2. But the intensity is simply hw;v;n;, and so we see
simply that this is equivalent to 9,M; 2 = 0, which is the same as above!!

2.2.6 Sum-frequency generation beyond the non-depleted approximation

Let us consider a situation of sum-frequency generation in which the lowest frequency wave at
frequency w; is weak and the second input wave at frequency ws is strong. We could imagine
the wy field to be an infrared field and the woy field to be a laser field, and they mix to create
a wave at frequency ws = w1 + wo. It is possible to solve the equations of sum-frequency
generation exactly, in terms of Jacobi elliptic functions. However, when the wo field is strong,
we can treat it as undepleted, while still tracking the spatial evolution of the wy and ws fields.
For the fields at w; and w3, we have

22w3 deft

0. Ay (2) = b SR Aeft 4 g ilkz (2.2.41)
2
o, Al( ) szlkdeﬁfA A* —iAkz (2242)

When As is treated as constant, we see that we have two linear differential equations with
spatially varying coefficients which can be solved. Before doing so, it will help to define
As(z) = A3(2)e®F2/2 and A;(z) = A1(2)e "A*2/2 Tt immediately follows that

9, Az(z) + ZAT]“AP,() A (2.2.43)
and Ak
0.A1(2) - - Au(2) = B (2.2.44)

. 2 2 . . : . .
with a = 12;319 Ay and 8 = td;k °f A%. This may be written in matrix notation as

A\ [(Liak B A,
O <A3> a <2 a —§¢Ak> (;13) - (2.2.45)

"Here I have a partial derivative, that is because I explicitly noted the time dynamics of the photons moving.
In the above, there was no notion of time as we took the steady-state limit of the wave equation: thus the
total and partial derivatives are interchangeable.
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We know from systems of differential equations such as these that the eigenvalues of the matrix
on the right hand side dictate the z-evolution of the fields. The two eigenvalues denoted Aq o

can be found to be
4 2 2d2 2
Ao = iz‘\/wlw”f A2 + (Af) = ), (2.2.46)

k1k304

with A1, A2 being assigned the positive (negative) roots respectively. We may then write

Aq3(z) = Jizcos(Az) + Ky 3sin(Az), (2.2.47)

with J, K being constants.

Let us take as initial conditions the typical case in which there is no initial sum—frequency
field, and so we have J; = A;(0) and K1 = 5% 4,(0), while J5 = 0 and K3 = 2W3 e A241(0).
Putting it all together, we have

Ai(z) = {cos()\z) + ZzA—/\k sin()\z)} A1 (0)e?Ak=/2 (2.2.48)
and
As(z) = 2iwhden sin(Az) | A;(0)e'dk=/2, (2.2.49)
62/’63)\

As can be seen from these expressions, the sum-frequency wave builds up from zero, oscillating
in space at period 27/A. The maximum intensity of the sum-frequency field is

dw3d2z|Ag|?
n3 C4k2

,(0). (2.2.50)

—[3 max —
’ dwiw? (Akz)
ni 1*3 eff A5|2

k1ksct | |

It is clear from this expression that the maximum is realized when phase-matching is satisfied

(Ak =0), and we have
w3
I3,max =
w1

1,(0). (2.2.51)

2.3 Second-harmonic generation

In second-harmonic generation, we take a wave at frequency w; and convert it using a second-
order nonlinear medium into a wave at frequency wo = 2w;. In the photon picture, we take two
photons at w; and convert it into a photon at wo. The physics of second-harmonic generation
is similar to that of sum-frequency generation: indeed we can see second-harmonic generation
as a limiting case of sum-frequency generation where the two input frequencies are equal. The
coupled-amplitude equations can be written as (Reader: make sure to derive this!)

2zw1 deft

A SR AT Age 1Bk 2.3.1

9:A1(z) = 2k, (2.3.1)
Zdeeff 2 iAkz

0.As(z) = Zh Aje =", (2.3.2)

31



with Ak = 2k; — ko2 Tt is simple to follow the discussion of sum-frequency generation and find
the second-harmonic intensity in the undepleted pump approximation for the fundamental,
and the reader is very strongly urged to do this. Here, we will solve this equation without the
non-depleted pump approximation.

In what follows, we will consider the simpler case of these equations where the interaction
is phase-matched: this gives the most efficient second-harmonic conversion anyway. Therefore
we may set Ak = 0. To solve this equation, we start by identifying useful invariants. One
such invariant is the total intensity, which implies that

ny|A1|* + na|As|? = const.. (2.3.3)

The Manley-Rowe invariant for second-harmonic generation is identical to the total intensity
(reader: check that!). There is one other quantity which is invariant when phase-matching
holds. It is

Re A7A% = |A;1}|Az| cos(2¢1 — ¢2) = const., (2.3.4)

where we have defined A; = |A1|e’! and Ay = |A3|e’®2. This invariant may seem mysterious
at first glance (and indeed Boyd just finds this from the coupled amplitude equations directly),
but corresponds to constancy of the time-averaged energy density'.

We will consider the simple but very common case where there is no initial intensity in
the second harmonic wave (other cases can easily be done but it involves more steps). In
this case, it is clear that the phase of the incident wave does not matter (absolute phases can
always be multiplied away!): we set ¢1(0) to zero without loss of generality. Our nonlinear
invariant tells us that |A1|?|Az| cos(2¢1 — ¢2) = 0 which means that cos(2¢; — ¢2) = 0 unless
we are at locations z for which |A2| = 0 in which case the phase ¢2 loses any meaning anyway
and ¢; can be set arbitrarily. Therefore, we see that
T
2

for any integer m. If convert the evolution equation for Ay into equations for |As| and ¢y, we
find that

201 — ¢ = (2m + 1) (2.3.5)

. iw3d, $(261 —
O:| Aol + il 4210:05 = =2 T APl 310%), (2.3.6)

12Note that the “missing” factor of 2 in the equation for the second harmonic field comes from the fact that
there is only one instance of A% upon squaring the electric field, as opposed to the two instances of A} As.

13The linear part of the time-averaged energy density is simply the time-average of > eon?E? which is
2¢0 (nﬁ|A1|2 + n§|A2|2). The nonlinear energy density is proportional to y*’ E®> as per our discussion of
lossless media in chapter 1. The time-averaged part corresponds to the DC terms in E? = (Aje'*12~1t 4
Ageth2z—iwat | c.c.)3. The frequencies in this expression are +w; + w1 T wa = +wi £ w1 +2w;. Clearly there are
only two terms for which the sum of these is zero. The time-averaged nonlinear energy density associated with
those terms is A7A5e"™** 4+ A72 Ae 2% = 2| A1|?| As| cos(2¢1 — ¢ + Akz). The total time-averaged energy
density is the sum of these two terms. In the steady-state, constancy of the time-averaged energy density wu:
du/dt = 0 implies that 9.u = 0. At the same time, we also know that the time-averaged intensity is conserved
as a function of z: n1|A1|2 + ng\A2|2 = const.. If phase-matching holds, then n; = ns implying \Al|2 + |A2|2
is conserved and so similarly, the linear part of the time-averaged energy density is conserved. Thus, for the
time-averaged energy density to be constant, we require |A;]*|Az|cos(2¢1 — ¢2) to be a constant, as claimed.
Note that if phase-matching is not satisfied, then constancy of the intensity does not imply constancy of the
linear part of the energy density, and so things get more complicated. It turns out that these invariants are
much easier to get at quantum mechanically as there it just corresponds to the fact that the expectation value
of energy in a time-independent Hamiltonian is conserved!
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implying that
w% deﬂ‘
k202

This may be expressed in terms of |Az| alone via

0. Ag| = — |A1)? sin(261 — é2). (2.3.7)

2
WQ deff
kg 02

0:|As| = — (C —[A2[*) sin(2¢1 — ¢2), (2.3.8)
where under phase-matching we have |A1]? + |A42|?> = C = |A1(0)|?>. Note that the nonlinear
invariant vanishing tells us that the sine is either 1 or -1. It is clear that since at first, the
intensity in Iy must increase (intensity is nonnegative), the sine must be -1. We then find that

|A2(2)] " Seordeg
=22 = e z, (2.3.9)
which using standard logarithmic integral identities can be reduced to
| A5(2)| = | A1(0)| tanh (Wz) . (2.3.10)

In this case, the second-harmonic field is capable of capturing all of the incident intensity,
corresponding to complete conversion of the fundamental wave. This behavior is in some
sense non-representative of the full solution space: if the nonlinear invariant is finite, or if
phase-matching is not satisfied, one will have an oscillatory power exchange between the
fundamental and the second harmonic.

2.4 Difference-frequency generation and parametric generation

Maxwell’s equations in a lossless medium (even in the nonlinear case) are reversible: playing
the solutions backwards generates another valid solution'. That suggests that if we take a
phenomenon like sum-frequency generation, and play it in reverse, we would see an effect in
which a field at frequency w3 generates fields at frequencies wi,ws (w1 < wo < w3): this is called
difference-frequency generation (or non-degenerate parametric down-conversion, depending on
initial conditions). Similarly, if we watch second-harmonic generation in reverse, we would see
a field at frequency 2w, generate fields at frequency wq, an effect called degenerate parametric
down-conversion. Let us study the case of non-degenerate parametric down-conversion.

The relevant coupled amplitude equations are exactly those describing sum-frequency
generation. Let us suppose however that there is a strong incident wave at frequency ws which
is treated as un-depleted. The fields A; and As are “weak” and their spatial variations are
taken to be non-negligible. Then, the resulting linear equations for Ay, A, are:

_ QiW%deﬁ

azAl(Z) = WAsA;e—iAkz (241)

“Why lossless? Consider an absorbing medium which extracts energy irreversibly from a wave in time. If
we play the dynamics backwards, the wave gets amplified, which only occurs if the medium is active. If we
watch a movie of the time-reversed solution but know that all of our materials are passive, then the resulting
solution is invalid.
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2iw2d
2”22 off g3 AteiBkz (2.4.2)
ko

where Ak = ki + ko — k3. These equations are almost directly solvable linear equations. The
“issue” is that the fields couple to their conjugates, which are independent variables'®. This
can of course be quickly fixed by conjugating the second equation, yielding:

9, As(2) =

2zw1 deff

0:-A1(2) = = o Y L (2.4.3)
N 2zw defr Gil\kz
D, A3(2) = C;k A% AqetAke, (2.4.4)

We can solve this in exactly the same way that we solved sum-frequency generation with one
strong undepleted wave. We define A; = A;e "%/ and A% = A5e**#2/2 and convert into a
matrix differential equation with constant coefficients. It immediately follows that

A1(z) = Jy cosh(Az) + K sinh(Az), (2.4.5)
while .
A5(z) = Jacosh(Az) + Ky sinh(Az), (2.4.6)
with
4wiwid? (Ak)?
A=y 2l g2 - 2 2.4.
\/ k1k264 3| 4 ( 7)
If we take for example that A2(0) = 0, then matching boundary conditions would give
Ak ~
Ai(2) = [cosh()\z) + 12—)\ Sinh()\z)} A1 (0)e™AkR=/2, (2.4.8)
and 27 4
2iwsdeg A% , .
A5(z) = _ ZiwdenA3(0) sinh(Az) | A1 (0)e'2F=/2, (2.4.9)
Cng)\

In the phase-matched case, this reduces to

A1(2) = A;(0) cosh(\z), (2.4.10)

Ao(z) = iy | 222 6193 A% (0) sinh(\z), (2.4.11)
Nnow1

where ¢3 = A3/|As|. For distances z > A, we may easily see that the intensities of both
lower-frequency waves grows exponentially as e?*?, representing a type of exponential gain
not unlike that of a laser amplifier. Unlike the laser amplifier however, the energy of the
amplified wave is not extracted from excited electrons in atoms or semiconductors, but instead
by extracting energy from another light wave coherently through nonlinear polarlzatlon16

and

15This is very important. We know that for complex variables, we can treat the real and imaginary parts of
the variable as independent. Therefore, we can also treat a complex variable and its conjugate as independent
single variables since they are related to the real and imaginary part by a linear transformation!

160ne might wonder how: if this process is related by inverse to sum-frequency generation, why do we have
exponential amplification rather than oscillation? We leave this question for the reader to think about!
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2.5 Parametric oscillation

The fact that we can amplify waves using parametric interactions forms the basis for a power
type of laser-like light source called the optical parametric oscillator (OPO). Such parametric
oscillators have become extremely important alternatives to “conventional” lasers based on
excited media due to their very widely tunable wavelengths, and have accordingly made an
important commercial impact. In this section, we will analyze some of the basic behaviors of
the parametric oscillator.

Let us consider a resonator formed by two mirrors of complex amplitude reflectivities
r1 and 7o, defined such that the transmitted energy fraction is T, = 1 — R; = 1 — |r]%.
Inside this resonator is a second-order nonlinear medium. We assume that the mirrors are
perfectly transmissive for the pump field at frequency ws. If the mirrors are only highly
reflective for one of the lower-frequency waves, we call that wave the signal, and the OPO is a
singly-resonant OPO. If the mirrors are highly reflective for both lower-frequency waves, the
OPO is doubly-resonant and the name signal is used for the frequency we are more interested
in, and idler for the frequency we are less interested in.

If the mirror reflectivities are high for the signal, then the signal can bounce around in
this resonator (also called a cavity) many times, effectively experiencing an enhanced length
of nonlinear interaction and enabling more efficient extraction of energy from the pump. At
the same time, because there is a finite transmission of the mirrors, part of the signal gets lost
each round-trip (from each mirror). If the parametric gain is equal to the loss, then the signal
can reproduce itself every round-trip, giving a stable oscillation. When this happens, we call
the resulting device a parametric oscillator. The pump power needed for the gain to equal the
loss is called the threshold pump power. When the pump power exceeds the threshold value,
the gain at first exceeds the loss and the signal builds up (as does potentially the idler field if
the cavity is doubly-resonant). However, once these fields start to build up appreciably, we
can no longer take the pump to be un-depleted. As the pump starts to deplete, the available
gain decreases until the gain is equal to the round-trip loss, leading to stable oscillation. This
is the mechanism of gain saturation.

If you know a little bit about conventional lasers based on the inversion of a gain medium,
the story is in fact somewhat similar. Once we pump the gain medium sufficiently to achieve
sufficient population inversion, the small-signal gain is greater than the round-trip loss and the
field builds up until the population inversion depletes due to strong stimulated emission. At
equilibrium, the depleted or saturated gain is equal to the loss. Of course, the major difference
with the parametric oscillator is that there is no physical gain medium that we invert with a
source of energy! Here, the x(? medium mediates energy transfer between different modes of
the electromagnetic field.

In what follows, we will develop a theory of the threshold of the parametric oscillator in
the singly- and doubly-resonant regimes. Then, we will work out a theory of saturation. Let
us study the behavior of a signal and idler field A;, A; that pass through a x(?) crystal which
also has a pump field 4,. We will consider case of phase-matching for simplicity since this
leads to the lowest threshold pump power.

If the pump-field is non-depleted, then a small extension of the previous section would
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give (mapping Ay, A, Az — Ay, Ai, Ap):

Ay(z) = {AS(O) cosh(Az) + 2“;;;% A%(0) sinh(/\z)}
Af(z) = [A;‘(O) cosh(A\z) — Z’Cjkd;ﬁA*A 0 )sinh()\z)} , (2.5.1)

where A2 = 47&:5053 |A5[2.

After passing through the crystal, they propagate to the mirror, and reflect off, each picking
up complex amplitudes —7r,1 and —7r; 1 respectively!”. They then propagate backwards. We
assume that there may be absorption losses «,; per unit length associated with propagation
in the cavity. When they propagate backwards through the crystal, there is no gain associated
with that (reader: why?). They then bounce off the second mirrors, picking up —rs2 and

—r; 2, completing their round trip. The electric fields therefore map to:

. 2iw?d,
E4(0) — 1 175 pe2ksdemosd {AS(O) cosh(AL) + Z;"k /\HA A0 )sinh(AL)]
* 2ik;d _—o;d * 21(4) deff * .
Ef(0) = rjmi2e”" % %% | A¥(0) cosh(AL) — Zho\ —57—~ ApAs(0)sinh(AL) |, (2.5.2)
c

where d is the cavity length and L is the crystal length!®.
Let us define ¢, =1 — Ts,lrs,Qe*asd, b =1— ri,lri,ge*aid as the amplitude losses associated
with round trip propagation. The threshold condition is that the fields reproduce themselves

after this round trip. This gives the conditions

lilg

Typically, the gain per pass is low and we may approximate the left-hand side by 1 + 5 (/\L)
giving

204
2—4; — s

In the doubly-resonant case, both losses are small compared to one and we can further simplify
to

(AL)? =~ (2.5.4)

(AL)? ~ L0, (2.5.5)

as the resonant condition.

—r it
it —r
Waves and Fields in Optoelectronics by Haus. The results of course do not change with a different convention.
18Yowll notice that I went from envelope to field. This is because in principle, the wavevector can shift
due to the mirrors and the crystal, changing the resonance condition for the cavity. We will ignore this effect
anyway as it is not important for the gain threshold at this level of treatment, but it is important to know
that this is an effect that can occur. We will assume that ks, k; correspond to resonances of the cavity so
that 2k;d, 2ksd (mod 27) = 0. This assumes that the ks that we are using take into account the fact that the
refractive index is a weighted average of the crystal refractive index and the air/vacuum surrounding it.

17T am using the convention ( for the scattering matrix. This is the convention used for example in
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In the singly-resonant case, we can take 4;(0) = 0 and it is straightforward to see that
1=(1-/0y)coshAL = (AL)? = 2/,. (2.5.6)

We see then that in the doubly-resonant case, the threshold is lower by a factor of /¢;/2,
and so it is in principle easier to get a doubly-resonant oscillator to oscillate.

However, this comes at a cost. In a real cavity there are many modes with low loss
within the gain bandwidth (defined as the range of frequencies such that AkL < 1). In the
singly-resonant case, the signal mode that oscillates is typically the one with the largest gain.
The idler mode automatically satisfies w; = w, — w,s and never builds up to an appreciable
amplitude so there are no real constraints on the idler (it comes along for free).

In the doubly-resonant case, we want both signal and idler to build up: this means there
need to be resonance modes at frequencies w,; and w; such that ws 4+ w; = wy. In general,
this constraint is hard to satisfy with multiple pairs of ws,w; and there will typically only be
one pair that satisfies the criterion'?. As a result of this, the primary determinant of which
modes oscillate is less which mode has the highest gain, but which modes can even satisfy
the energy-conservation requirement ws 4+ w; = w,. Because of the low threshold associated
with the doubly-resonant case, the reduced gain by being somewhat phase-mismatched is less
problematic. However, what is a problem in the doubly resonant case is that if the cavity
properties change due to fluctuations in the cavity length of a mechanical or thermal nature,
or fluctuations in the pump frequency itself, the cavity frequencies will change. If there is a
new pair of signal and idler frequencies w,w; such that w), + w} = w,, it in general will not be
next to ws,w; due to the unequal cavity mode spacings - leading to mode jumping or hopping,

which is undesirable. The doubly resonant geometry amplifies frequency noise 2.

2.5.1 Track 2: Above-threshold behavior of the parametric oscillator

This section is focused on a detailed treatment of the parametric oscillator. This material
is labeled Track 2 as it is more detailed than we normally are in this class. For even more
information on this important topic, see Harris, Stephen E. ”Tunable optical parametric
oscillators.” Proceedings of the IEEE 57.12 (1969): 2096-2113. In what follows, we will
deal only with the singly resonant case as such systems are notably more stable than their

19T have assumed the cavity modes are not equally spaced, or that the signal and idler modes have
incommensurate mode spacings (free-spectral ranges). In practice, modes are unequally spaced due to the
frequency dependence of the refractive index n(w) making it such that the frequency spacing between modes

where kn,, = mn/L. If we take m — m + 1 then we get Awmd(dL:’) =nc/L =

Wm

ckm

satisfies w,, = oy
m

Awy, = (we/L)) )

dw
20Suppose that the plep—frequency varies by dwp. Then of course, by energy conservation dw, = dws + dw;.
We expect that the new signal and idler frequency will, at threshold, have the same gain as the original
signal and idler frequency. Why? Because, at threshold, the gain must balance the loss and the loss does not
change much with frequency. Since the gain is largely determined by the phase-mismatch, we can enforce that

0(Ak) = git ow; + %&us — %&up. Using dw; = dwp — dw,s and % = 22 with ngy the group index derived in

the previous footnote, one finds: dws = Z‘Z"’%&up. This result among other things tells us that an operator
,8 g,

operated near degeneracy (signal and idler frequencies nearly equal) leads to a huge linewidth. This result is

derived in Kovrigin, A., and R. Byer. ”Stability factor for optical parametric oscillators.” IEEE Journal of

Quantum Electronics 5.7 (1969): 384-385 - although it is brief!
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doubly-resonant counterparts. Assume that the OPO is resonant for the signal: then we
expect the idler field to be small. The idea is that the signal builds up in the resonator until
there’s sufficient gain to build up a significant signal and idler field. Further, we assume,
as before, that the OPO is not resonant for the pump. Therefore, the pump field at the
entrance facet of the crystal can be taken as a constant equal to A,(0). The coupled amplitude
equations are exactly the equations of difference-frequency generation.

Let us analyze the properties of the signal field assuming that the system is oscillating
in a steady-state. Then, assuming that the change in the signal field is small as it passes
through the crystal, we can take its magnitude at the entrance to the crystal as a known
value A, and ask about the dynamics of the pump and idler fields. The result after a length
L of propagation in the crystal is, assuming phase-matching Ak = 0%!

A, (L) = Ap(0) cos(AL)
Ai(L) = 2f%f;i AZA,(0) sin(AL). (2.5.7)

We can use this to then calculate the change in the signal itself using

2iwsdeg . 2wiwsd2g 0 .
6zAs - nec AP(Z)AZ (Z) = m AP(O)‘ As sm(2)\z) (258)
Now we will integrate this equation®?, yielding
2wiwsd2e ,sinZ AL
= — As(0). 5.
AE) = exp | 222581, 0)P 2 2E ] . 0) (25,9

The overall evolution of the signal field after a round trip involves an additional loss such that
after a round trip:

osin? AL

Qwiwsdz
TR 4(0)] )\2} A4(0). (2.5.10)

As — (1 — L) exp [

n;NgC?
We have neglected here the propagation phase assuming 2ksd (mod27) = 0. The oscillation
condition is, assuming weak gain per pass, such that the argument of the exponent can be
treated as small:

2 .2
2wiwsdg 98in” AL B

A0 —5— =16 (2.5.11)
This is the condition that amplitude gain equals amplitude loss. Recall that in this expression
\ = 2dent Wil 4|

c Npn;

n;NgC?

Just above threshold, when the gain is just barely enough to match the loss (in the absence
of depletion effects), we expect the steady state signal field to be small (and to go to zero
exactly at threshold). In that case, our equilibrium condition is

2wiwsd?
ZsCett| 4 (0)2L2 = ¢, (2.5.12)

N;NgC2

21Recall from the discussion above that for the singly-resonant oscillator, it likes to oscillate at a signal mode
where the gain is highest.

22This may look fishy since in deriving the pump and idler fields, we said that A, is constant over the crystal.
However, its amplitude changes only weakly over the crystal and so there is little approximation error in the
pump and idler fields themselves!
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which is equivalent to the singly-resonant threshold condition introduced in the previous
section. Above threshold, as we increase the pump power, the only way this equality is
satisfied is if A # 0 corresponding to a finite value of the signal field. The signal field is
determined as a function of the pump power by the solution of this equation! The origin
of this reduction of gain at finite signal field is depletion of the pump. We see that if the
AL becomes appreciable, then A,(L) = Ap,(0) cos(AL) becomes smaller than A,(0) (hence
depletion). We have thus worked out an elementary treatment of the above threshold behavior
of the parametric oscillator.

To conclude this analysis, we consider the question of how much energy is extracted from
the idler. This can be straightforwardly calculated: the intensity of the idler generated is

degngcw;

I; = 2eqngc| A |* = | Ag?. (2.5.13)

S

The intensity of the signal exiting the cavity is the sum of the intensities exiting either side of
the cavity and so
I, = 20, x 2eqnc| Ag|?, (2.5.14)

assuming that all losses from the cavity go into the beam exiting the cavity. This implies that

=2, (2.5.15)

Ws

At the same time, we also know from the Manley-Rowe relation that every idler photon
generated corresponds to the removal of a photon from the pump, and so we have that

- . (2.5.16)

If the pump power is chosen such that it is fully depleted at z = L then Z—;IP(O) is the
maximum power that can be in the idler.

2.6 Electro-optic effect

The last topic that we’ll discuss in our tour of effects mediated by x(?) is the electro-optic
effect, and in particular, the change in the refractive index of light by static voltages. This is
called the electro-optic effect, and it allows us to use voltages to change the phase of light
accumulated by light of different orthogonal polarizations, which can be used as the basis for
electro-optic modulators.

The modification of the refractive index by a static voltage can be understood readily in
the case of an instantaneous x(?) medium, where the polarization is given by
PO(t) = 2e0diji E; (t) Ex(t). (2.6.1)

(2

If we consider a field which is a superposition of a DC field and a monochromatic field,
E = Epc + Ege ™! + c.c, (2.6.2)
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then we see that there is a contribution at the same frequency at the monochromatic field to
the polarization:

deodij Epc  Eo je ™", (2.6.3)

which looks like a change in the susceptibility 2°.

susceptibility

Notice however that the change in the

5X§jl~) = 4d;ijrEpc k (2.6.4)

is tensorial.

In the literature on the electro-optic effect, it is conventional to talk about the change
in the inverse permittivity rather than the permittivity itself. The inverse of the relative
permittivity € is denoted n and its changes are related to changes in € by **

om = —nden. (2.6.5)
Using dx = de we may write
onij = rijkEpc,k, (2.6.6)
where
Tijk = —4€0niambjdabk- (2.6.7)

Similar to the d matrix, there is a contracted notation for r which follows from the symmetry
of n and full permutation symmetry of d. In particular, we can interchange the indices i, j
meaning that there are only six independent pairs of (7, j). The mapping to contracted notation
is (1,1) - 1,(2,2) — 2,(3,3) = 3,(2,3)/(3,2) — 4,(3,1)/(1,3) = 5,(1,2)/(2,1) — 6. The r
matrix is usually represented as

11 Ti2 T13
T21 T22 T23
31 732 733 [ (2.6.8)
T41 T42 T43
s1 Ts2 T53
el T62 T63

The nonzero elements are simply related to the nonzero elements of n and d through the
relation r;;p = —4e€gniaNy;dabk -

Let us now explore the ramifications of the electro-optic effect. Consider for example a
crystal like KDP of the 42m crystal class. It has three non-zero r elements: 741 = r5o = 8.77
pm/V and rg3 = 10.5 pm/V. Suppose that the crystal is oriented such that light propagates
along the z direction, parallel to one principal axis of KDP. The other two crystal axes are
orthogonal to z. The c-axis of the crystal is taken to be in the z direction. Suppose now that

23] have used the fact that for an instantaneous lossless medium, I can interchange indices of d freely.

24The result below can be found as follows. Consider (A + §A)~! where A, A are matrices. Their inverse
corresponds to solving (A 4 §A)x = b. Suppose that when §A = 0, zo = A™'b. When §A # 0 but is small, we
can seek a perturbative solution of the form (A+38A)(zo+d2) ~ Axo+Adz+5Azo =b = dx = —A"'6AA™D.
Therefore if x = zg + 0z ~ A~ — A7 '§AA™'b, we may say that A~ = A"'§AA".
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we apply a voltage along the z axis (Epc = E,Z with E, = —(V/L) where V is the voltage
difference and L is the length of crystal.). The change in the inverse permittivity is then

0 A O
0 0 O
where
A= 7’63EZ. (2.6.10)

This changes the principal axes in a meaningful way even for infinitesimal F,. Of course z is
still a principal axis of the system. Meanwhile in the zy-plane, the principal axes of n are
found by diagonalizing

A
N0l + (2 0> : (2.6.11)

which has eigenvalues and corresponding eigenvalues

1 /1y .1 (1
No + T63Ez, M0 — re3ls; <> 1 = NG <1> ;U = 7 (_1> (2.6.12)

We may map these changes in 7 to changes in the principal values of the index of refraction
by using
26n

nd '

1o = (2.6.13)

Therefore, for the direction 45 degrees counterclockwise to the x-axis, the index is n,— %nf’)rggEz
(and a wave propagates faster, making the x-axis the “fast axis”), while for the direction 45
degrees counterclockwise to the y-axis, the index is n, + %ngr(;gEZ (making the y-axis the
slow-axis)?°

Therefore, using the electro-optic effect, we can induce birefringence for light polarized in
different directions in the xy plane, inducing different phase shifts for light polarized along
orthogonal directions. Using this, we can construct a powerful device called an electro-optic
modulator that lets us impart a voltage-dependent change in the amplitude or phase of light.

2.6.1 Electro-optic modulators

Consider what happens when we send light through a polarizer oriented along the x direction,
and then send it into a KDP crystal with a z-oriented electric field. The initial complex field

U1 + Ug

E = Eyi = Ey
V2

(2.6.14)

will, after a length L evolve into

~ ~ il
i¢0 (75} + use

7

25Your instructor strongly believes that Boyd has the wrong sign here. The sign your instructor arrived at
is the same as in Haus (“Waves and Fields in Optoelectronics”) and Yariv & Yeh (“Optical Electronics in
Modern Communications.”)

E(L) = Ege (2.6.15)
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where ¢¢ = no% — %ngrﬁgEz% and I' the retardance is given by
L 2 2
I'= ng’l“ﬁgEzw? = ;ng’I‘GgEZL = Tﬂngr63|V|. (2616)

As a natural result of this birefringence, the components of the polarization along different
axes achieve different rotations. Now, if we go back into the xy coordinate system, we get:

T
Ol—l—eZ

E.(L) = Ege® 5

(2.6.17)

and .
1—¢l
2
we see that the polarization is rotated. To get at the rotation angle, suppose we put a polarizer
along the x-axis. The resulting intensity, relative to the incident intensity Ip ~ |Ep|? would be

E,(L) = Ege'% (2.6.18)

I = Iycos*(T'/2). (2.6.19)

Comparing this to Malus’ law, we see that the polarization rotation angle is I'/2.
The intensity modulator works by terminating the propagation chain with the polarization
in the y direction rather than x, in which the output intensity is

I = Iysin®(T'/2). (2.6.20)

The principle of the intensity modulator is that changing an applied voltage changes the
intensity of light, and if we modulate the voltage in time, we can modulate the intensity
in time. For example by having a square voltage wave, we can create a square wave of
light intensity that serves as optical bits transmitting “0”s or “1”s. Hence, such intensity
modulators are of great importance in optical communications.

In the intensity modulator, it is typically important to operate at a point where a smaller
change in the voltage leads to a larger change in the intensity. That requires operating around
the voltage such that I' = 7/2, which corresponds to the voltage

A

4 3
—ngres|V|=1 = V| = .
0 | ‘ | ‘ 4n%7”63

S (2.6.21)

This is related to a figure of merit called the half-wave voltage which is the voltage needed to
get a 7 phase shift (a half-wavelength’s worth of phase shift). That voltage is simply

A

—. 2.6.22
277,81”63 ( )

Va2 =

Typical magnitudes of this voltage are on the order of 10 kV and require high-voltage supplies!

Finally, we mention that if we send light polarized along one of the new principal axes,

say U1, then light just experiences a phase shift proportional to the voltage. By varying that

voltage in time, we modulate the phase directly, which is important for communication based
on the optical phase of light.
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Chapter 3

Effects arising from the third-order
nonlinear susceptibility

In this chapter, we will study a handful of important effects arising y*). In the previous
chapter, we focused on various frequency-conversion effects such as harmonic generation,
sum- and difference-frequency generation, and electro-optic modulation. While many of these
effects can also be realized by x®), we will focus on the most unique effects. At the core of
these effects is the idea of an intensity-dependent index of refraction .

3.1 Nonlinear index of refraction

Consider a third-order nonlinear medium. The relationship between electric field and polar-
ization, in frequency-domain, can be written as

‘ B dw1 dwsy dws 3) ' '
R(r,w)—/ 5 o O 0w — we )X (Wo; w1, wa, w3) Ej(w1) Ex(w2) By (w3). (3.1.1)

Needless to say, this expression is quite complicated due to the 81 different combination of
indices (in three dimensions) for a given set of frequency labels. Symmetries simplify this
behavior, but only to an extent. We will, therefore, consider two types of simplifications for our
analysis, but do keep in mind they do not always hold. We will start with the extraordinarily
simple (but one of the most practically useful) cases of a lossless material, in which we may
write the time-domain relation

P,(r,w) = eox oy 2 (x, 1) By (r, ) By (r, 1). (3.1.2)
Let us now consider what happens when we have a monochromatic field of the form
E(r,t) = E(r)e ™! + c.c. (3.1.3)

There are polarization terms at +3w and +w. The +3w terms lead to third-harmonic
generation, which typically is hard to phase-match for reasons discussed in the previous unit.

!These effects are also realizable via second-order nonlinear media, where under some circumstances X<2)
can act as an effective x®) but there are provisos here and the effects we will describe are much more commonly
explored in the third-order case.
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The +w polarization terms however lead to an effective correction to the refractive index that
is always relevant. The corresponding polarization is

Pi(r,w) = eoxihy (Bj(r)Ex(r)Bf (v) + E; () Bf (1) Ey(x) + E; (x) Ex(r) Ey(r)) . (3.1.4)

In a lossless material, we may use Kleinman symmetry to write

3 x 3 « 3) s
Pi(r,w) = o (S0 s (1) B (0) B (x) + X5 By (0) B (0) Ey(x) + X5, B (0) B (r) Ey(r)
(3.1.5)
This can be written as an effective anisotropic index of refraction, via

Pi(r,w) = eo (X B3 (0) Br(0) B (r) 4+ 20, By (0 B (1) Ey(r) ) = coxerrss (1) By (r), (3.1.6)

with
3 ¥ 3) 3)
Xetij (t) = X Be(0) E7 () + 20 BL (1) Ei(r) = 3xGL B () Ey(r). (3.1.7)
The exact anisotropy depends on the nonzero indices of the third-order susceptibility, but we
can see already at this stage schematically that the polarization at the same frequency acts
almost like an intensity-dependent index of refraction. To simplify further, we will make use
of symmetry.

3.1.1 Effect of symmetries

Symmetries strongly reduce the number of independent components. A detailed group
theoretic analysis of which crystal classes have how many independent elements is beyond
the scope of this work, but we will consider one example, which is the isotropic case. For
an isotropic system, the number of independent elements is one (rather than 81!). This can
be understood using the quartic oscillator as an example. We derived the quartic oscillator
nonlinear susceptibility assuming an isotropic potential. The result was:

_ ngt  6ij0k + Sk + 6udjk
3m3eq D(wy)D(w1)D(wa) D(ws)

3)

3
Xijkl (WO'; w1, w2, W3) =

(3.1.8)

. nq4 1 .
Clearly all elements are proportional to — Smdeq D(ws) D(wn) D(@3) D(ws) In fact, it turns out that

in an isotropic system, the susceptibility must have the tensor structure of the quartic oscillator
we analyzed. We may therefore write a generic isotropic lossless third-order susceptibility as

1
XS),)CZ = gX(S) (5ij5kl + 5ik5jl + ‘5115]']@); (3.1.9)

(3)

where x(® corresponds to an element such as Xl?ill' Plugging this relationship into the
nonlinear polarization at frequency w, we get

R-(r,w) = €0X(3) (5ij5kl + 5ik6jl + 5i16jk)EZ(r)El(r)Ej<r); (3.1.10)
which may be written as
P(r,w) = ex¥ (2(E(r) - E*(r))E(r) + (E(r) - E(r))E*(r)) . (3.1.11)
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A term like this acts as an effective polarization rotation, which you will explore on the
problem set.

Let us however now consider the very simple case in which the field is polarized in a single
direction, e.g., Z, so that we get

P(r,w) = 3¢ox¥ |E(r)*E(r), (3.1.12)

where the scalarized form of P, E should be understood e.g., as & - P. Let us now explore the
effective index of refraction for an z-polarized wave as follows. The scalar Helmholtz equation
in the presence of a source is given by

2 2
(724 (")) B = - P = -85 O B@PE®,  (3113)

where ng = n(w) is the linear index of refraction at frequency w. Clearly, by moving the
right-hand side over to the left-hand side, we have

<v2 - <n(£)‘”>2) E(r), (3.1.14)

where
3V EB(r)|2 3 (3)
n(1)? = n2 4+ YO E@ = n(1) =ng+ X EOE 0 T 515
2ng dngeoc
This is typically expressed as
n(I) = ng + nal, (3.1.16)
where .
3X
= ) 3.1.17
"2 4ngeoc ( )

The quantity ns is called the nonlinear index of refraction and has units of inverse intensity.
In MKS units, there are m?/W.

3.2 Effect of the intensity-dependent refractive index on short
pulses

The third-order nonlinear contribution is much weaker than the second-order nonlinear
contribution (in a centrosymmetry breaking material) in the following sense: we know that
the polarization is a perturbation expansion and that the contribution of the third-order term
is like P® ~ PM(E/Ey)? ~ PP (E/Ey) and so for E < Ey ~ 0.1V/pm, the third-order
contribution to the polarization is very small in magnitude. Said in terms of the nonlinear index
of refraction, consider light with an intensity of 1 GW/cm?. In a material like amorphous
silica, where ny ~ 1072m2/W, the corresponding change in the refractive index is only
1077 which is very small. It is possible to have small changes like this lead to large effects,
particularly when the light propagates over long distances. To achieve these intensities in the
first place, it helps to have both well-focused light (confined to a small lateral dimension)
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and to compress the energy of the light into a short pulse, which enhances the instantaneous
electric field. Since we are considering instantaneous materials, their polarization responds
to the instantaneous field and intensity. This brings us to an analysis of how short pulses
propagate in third-order nonlinear media.

Let us consider a simple case of short pulses propagating in y® media in which the light
can be described effectively as one-dimensional, propagating in a single direction z with fixed
polarization. In that case, the relevant self-polarization terms are along the same direction
as the electric field and we may consider a nonlinear scalar wave treatment. Although this
treatment sounds artificial, it well-describes a situation in which light is confined to propagate
along an optical waveguide. One of the most technologically relevant examples of an optical
waveguide is an optical fiber. An example of an optical fiber includes a high-index “core”
region of some radius surrounded by a lower index cladding region. The difference in index can
be small, on the order of 0.02. We know from Maxwell’s equations that a region of high-index
acts as a region of negative potential 2. This core-cladding difference is sufficient to trap a
small number of bound states. Since they are bound transversally, their transverse dynamics
are effectly frozen and we can focus purely on field variations in the z direction. The result
of this treatment is effectively to recover the one-dimensional pulse propagation equation
that we derived on the homework. To see this, let us start by writing the full spatiotemporal
electric field, corresponding to a particular transverse mode u(r) polarized in the & direction.
This is possible to achieve by using polarization-maintaining fibers that exploit anisotropy to
break the degeneracy between & and ¢ polarized modes. The field may be written as >

E(r,t) = duy(r)A(z, t)e** @t 4 cc. (3.2.1)
The corresponding field, in the frequency domain, could be expressed as:
E(r,w) = Zuy(r)A(z,w)e™. (3.2.2)

Let us consider the Maxwell equations in the absence of nonlinear polarization for the time
being. The source-free frequency domain Maxwell equation is

(V2 + n%«)ij) E(r,w) =0 (3.2.3)

The left-hand side simplifies as follows. The Maxwell eigenmode ug(r) satisfies

w?
— - k2(w)> ug(r) =0, (3.2.4)

C

V2 ug(r) + <n2 (r)

where Vi denotes the Laplacian with respect to the transverse coordinates. In writing k(w),
I've used the fact that the w acts as an eigenvalue which is dictated by k so that w = w(k).

2As a rudimentary example, consider the Helmholtz equation for a scalar wave propagating in a variable

refractive index: V?E(r,w) = —“c’—zan (r)E(r,w). This is formally equivalent to a Schrodinger equation with
% — 2—22 and V = —n?. Hence, a high index region can act as a potential well that supports confined states of

light. The presence of a propagation wavevector in some direction replaces the mass term 5—22 with m
3As we will see below, the eigenfunction depends on k.
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Alternatively, if we fix w then there is a specific k£ = k(w) for which ug(r) has eigenfrequency
w. Using this fact, we are left with the left-hand side of the Maxwell equation being

2
ug(r) (jQ + kK (w )) Az, w)e* =0 (3.2.5)

By the same set of steps that we followed in Problem Set 1 (slowly varying envelope approxi-
mation, writing k(w) in a Taylor series), we have that

; dA 15}
ikz . m m _
ug(r)e (22kdz + 2k gm oo} (w —wp) ) A(z,w) = 0. (3.2.6)
In time-domain, this may be expressed as

m/Bm

uy (r)eFz it <2zk6 A(z,t) + QkZ ) A(z,t) =0. (3.2.7)

Let us now consider the effect of the nonlinear polarization. Its effect is to add to the right
hand side 1190? P (r,t). This polarization may be written as

Lo 3
Py(r,t) = 3eox® (uk(r)A(z,t)elkZ*’“’t + c.c) . (3.2.8)

The only relevant parts are those which oscillate near frequency w by construction A(z,t) is
considered to be an envelope field tightly centered spectrally around w. That term is

Py(r,t) = 3eox P |ug (r) Pug (r) e Az, t) 2 A2, t). (3.2.9)

The second time-derivative of this term, since the envelope varies in time slowly compared to
the oscillation at w, is approximately —w? and so the resulting equation is then

"B :

= ar) Az, t) = =35 g () Pur (0 Az, )P A, ),

(3.2.10)
To complete the derivation, we note that since ug(r) is an orthonormal eigenmode of the

(1) <2ik82A(z, t)+2kY

Maxwell equations 4, we can project it out, writing
. "B, 3iw2ng) 9
<8ZA(z,t) —z; 0, )A(z,t) = oA OPAR ), (3.2.11)
where
3
ngf) = X(g)/dr\uk(r)|4. (3.2.12)
This equation is typically re-arranged in the form:
(0. + Hro) Aer) = 5 T Brgm Atz i) 4 L SR (3.2.13)
‘ o ’ m! 2cng ’ e -

m=2

“The orthonormality condition is [ dre(r)|ux(r)]* =1
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(3)
We may further simplify the coefficients on the right hand side by 1dent1fy1ng eff =,

yielding:

(0: + $10) Alz, ) = Y m;ﬁmam(z 1)+ iv| Az, 1) PA(2, 1), (3.2.14)

m=2
You'll notice that we have separated the first time-derivative term from the remaining. Indeed,
the two terms on the left hand side represent a “one-way” wave equation which have as
a solution any function f(t — 512): i.e., a function moving at the group velocity f;. It is
conventional to go into a moving frame which removes this motion: it leads to simpler forms
of the solutions. To make this transformation, take 2’ = 2,/ =t — 812 =t — 312’. The chain
rule tells us then that

0z e
0, =0y 5 + 8t8 =0y — P10y (3.2.15)
and oy o
z / /
=0, — — =0. 2.1
Plugging these substitutions in gives us
T m+lﬁm AT . !4\ |2 ! 4/
04 A(Z 1) = E - ——— 0 A ) + iy A(Z ) [FA(Z ). (3.2.17)

m=2

This brings us to the final form of the so-called nonlinear short pulse propagation equation
that we will use in this class. Before analyzing it, let us discuss the physical significance of this
transformation. The new variable 2z’ being the same as z is the physical distance along the
waveguide. The new variable t’ is like a retarded time from electrodynamics. It is related to
the “absolute” time by subtracting the time it takes the pulse to arrive to a particular location.
That has the following physical interpretation. Let’s park at some particular location in the
fiber 2/ and watch a pulse go by us. Suppose we are at a 2z’ such that it takes 1 ns for the
peak of the pulse to reach that location (do not worry about dispersion and nonlinearity right
now). Suppose the pulse starts propagating in the waveguide from 2z’ = 0 at ¢ = 0. Then at
t = 1 ns (absolute time), at our 2’ # 0, we see the pulse passing by. The corresponding ¢’ for
the center of the pulse is zero. The leading edge of the pulse corresponds to negative ¢’ and
trailing edge to positive t'.

In the presence of other effects like nonlinearity and dispersion, we will see the pulse profile
in time at some fixed z get distorted. For example, if the pulse peak arrives at positive ¢’
then it slowed down upon its propagation. More generally, the time profile we see, parked
at some z is more or less the same as what happens when we take a snapshot at fixed time
and look at the spatial dependence of the pulse (for short enough pulses not undergoing
very rapid dynamics in z. That is because in the absence of other effects, the solution is
f(z,t) = f(0,t — 312) which translates rigidly at the group velocity °

As one last important point about the moving frame. Suppose there is no higher-order
dispersion (,,>2 = 0 and no nonlinearity v = 0. Then 9,A(2',t') = 0 and so A(Z,t') =

5More explicitly, if we pursue the line or argument we above, let’s fix z and watch the pulse go by us in
time. That is described by fixing z and letting ¢ vary in f(z,t) = f(0,¢t — S1z). If we take a snapshot in time
and look at the spatial dependence of the pulse, that’s described by the very same function with ¢ fixed. As
you can see, these two are related by a reflection and scaling. The reflection is why the trailing edge of the
pulse is positive ¢'. The scale is just a change of units from space to time.
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A(0,t") = A(0,t — 812). The pulse, in this moving frame, does not evolve at all: it has the

same shape as it had at z = 0. That is the benefit of the moving frame: it moves out these

trivial translational dynamics. Hopefully this discussion provides you with a lot of intuition

for how 2/,t work. Now we will now study the consequences of this equation systematically.
In what follows, since 2’ = z we will use z instead of 2’ for notational simplicity.

3.2.1 Linear dynamics

Let us start by considering the linear limit, which is obtained by setting v = 0. Our equation

is therefore
, im+1,8m . ,
0, A(z,t') = g 0 Ot Az, t'). (3.2.18)

m=2

This is trivially solved in Fourier domain. Fourier transforming in time, we get

"B

0. A(z,Q) = — (i)™ A2, Q) = iB(Q)A(2,9), (3.2.19)
m=2 ’
where we have defined -
B(Q) = 2_2 %Qm (3.2.20)

We have defined the frequency variable as € to remind us that this frequency describes time
variations of the envelope. Time variations of the total field are related by a shift by w. In
particular

E(w+ Q) ~ A(Q). (3.2.21)

In Fourier domain, we then see that
A(z,Q) = A0, Q)= (3.2.22)

Each spectral (Fourier) component picks up a (relative) frequency dependent phase. Let’s
explore the consequences of this in the time-domain by considering a simple situation in which
the only non-negligible dispersion is second-order, which is called group velocity dispersion
(GVD). In this case, the time-domain field is

A(z,t) :/;lize—mt'%i@Q%A(o, Q). (3.2.23)
From this form, it is clear why (2 represents a group velocity dispersion: each spectral
component moves as a plane wave with an {2 dependent phase velocity which is, in the
lab frame, (81 + %Bgﬂ)‘l. Alternatively, we could say that the inverse group velocity is
dk/dw = B1 + P22. Let us consider now what happens when the initial pulse is a Gaussian,
with A(0,t) = Ape /™) with 7 the pulse duration. We solved this problem on the first
problem set and we know that the solution for the time-domain field at finite 2’ is

, A 2
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The instantaneous pulse intensity °, which is given by I(r, z,t') ~ |E(z,')|? = |ug(r)|?|A(2, t")|?.
Typically we don’t care too much about the variations in the transverse plane as we typically
collect all of the light within the transverse plane, and so we average over transverse coor-
dinates. Therefore, the instantaneous optical power P(z,t') ~ |A(z,t')|?. Therefore, when
we talk about optical power, we will use it interchangeably with |A(z,#)|? and in some cases
even normalize A such that its square has dimensions of power”.

The optical power is then in the appropriate units

1 t2
P(z,t') = Pp———exp | —————= | - (3.2.27)
1 + 532—52 7_2 + ﬁ%z?

T2

To simplify the interpretation, define a dispersion length Lp = 72/ 832, which lets us write the
above as

) 1 t?

P(z,t) PO\/WQXP [ 20E oD (3.2.28)
This equation describes a spreading of the pulse and a concomitant dilution of the energy
over a longer time period (causing a reduction in power). The pulse duration increases by
a factor of /2 over z = Lp. Over a very long distance of propagation, the pulse duration
eventually becomes 7z/Lp and the peak power decreases as 1/z.

Beyond the reduction of the optical power, another subtle effect that occurs is chirping. If
we look at a particular portion or time-segment of the pulse, we will see that depending on
the sign of the dispersion, the trailing edge is redder than the leading edge or vice-versa. How
do we see this? The inverse group velocity is frequency-dependent: v, L= B 4 22 and so
for normal dispersion (82 > 0) the bluer parts of the pulse move slower (corresponding to a
higher index of refraction, in connection to our discussion of phase-matching in the previous
unit). The redder parts move faster. So the bluer parts should be at the leading edge of the
pulse (negative t'). For anomalous dispersion 2 < 0, the situation is reversed.

Let us define a type of windowed Fourier transform. The windowed Fourier transform of a

SNote that this is still time-averaged over an optical cycle which is assumed to be short relative to the
envelope variations in time

"Note that if we elect for such a normalization, we must change the expression for 7. As we derived the
equation |A|? has dimensions of [|E|*]L? which has dimensions of [P/eqc]. To change the units of |A]* to be
power, we must redefine  to be

oy
JiwXeg w 2
y = e0ng 2nona ; /dr |u(r)| (3.2.25)

. The integral has dimensions of inverse area, and is typically defined as an effective inverse area Agﬂl. To
match the literature, we also adjust the scale of |A| by a factor of v/2 so that A — v/2A. The factor of 2 can
be seem as coming from enforcing that |A|? itself is the optical power. Note that any adjustment of scale (even
dimensionless adjustments) requires a change in the coefficients due to the nonlinearity. This lets us write

27rn0n2

AA

(3.2.26)

which has dimensions of [P™']L™", which is a standard and frequently used expression relating the nonlinear
index to the coefficient in the nonlinear pulse propagation equation.
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function is defined as -

folw, to) = /dt f(t)g(t —to)e™, (3.2.29)
—0oQ
where ¢ is a gating or windowing function. It defines a short interval of time over which the
signal is Fourier transformed. The usual transform is obtained by g = 1. Let us consider what
happens when the gating function is a window function which is 1 between —At¢/2 and At/2.
In that case, the windowed Fourier transform is

to+(At)/2
dt f(t)e™". (3.2.30)
to—(At)/2
Let’s now apply this to our dispersed Gaussian pulse. We will consider a simple but important
physical limit which is the so called “far-field limit” (in analogy with diffraction theory). The

far-field limit is z < Lp, so the pulse has dispersed considerably.
In this case we can write the time-domain dispersed pulse

N - 1+iz/Lp i (2/Lp)t?
A(z,t") = \/P(z,t) mexp [—27_2(1 n (z/LD)Q)] , (3.2.31)

as approximately
/ YOI iLpt? im
A(Z, t ) = .[_:)(2,’7 t,) exp _ﬁ + Z . (3232)

Now consider the windowed Fourier transform which is proportional to

to+(At)/2 _—
A(Q,tg) = €'t / dt’ e \/P(z,t') exp {_221)2 ] (3.2.33)
T Z
to—(At)/2

Since the exponent oscillates very rapidly for ¢’ comparable to the dispersed pulse duration, i.e,
for t' ~ /z/LpT, we can perform a stationary phase approximation. The stationary phase
approximation tells us that the ¢ values that determine the integral are the ones that make
the derivative of the phase vanish: iQ —iLpt'/(7%2) =0 = Q = t'/(B22). Not worrying
about overall factors, this gives

A(Q,to) ~ /P (Z,,BQZQ) if 8202z € [to — At/2,t0 + At/Q], else 0. (3.2.34)

The if is because if Q2 = t'/(f22) is satisfied for a ¢’ outside of our integration window then
we don’t pick up the stationary phase point in the integral and we expect to get a much
lower value which may be approximated as zero. That says that time and frequency get
locked together: the frequency at that time slice is very concentrated around ty/(82z). This
is precisely the result we were looking for. The spectrum around time slice at ty only has a
meaningful value if 82Qz = ¢y (up to the width of the window function).

Of course, this could have been anticipated by our group velocity analysis! If we have a
spectrum of the initial pulse which consists of temporally localized photons, and photons of
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different colors move at different group velocities vy ~ é — B2f2 8 then after a long distance,

B
photons of different colors will be separated from each other. Photons at (relative) frequency

Q will at a distance z be lag the photons at 2 = 0 by a distance §z = %—?(Atlab) = Bﬁ?—yﬁlz.
1 1

Converting the spatial separation into a temporal separation, we get a temporal separation
of 520z as expected: a higher frequency component will be slower and will end up at the
trailing edge of the pulse (positive ¢'). This is precisely the same type of thing that occurs
via a prism or a grating except that a prism separates colors in angle, and this “time prism’
separates the colors temporally (or longitudinally in space).

)

3.2.2 Nonlinear dynamics without dispersion: self-phase modulation

Let us now look at what the nonlinear terms do. To make things simple, we will consider
what happens in the absence of dispersion 3,,>2 = 0. In this case, we have

0. A(z, 1) = iy|A(z, t")|?A(z,t). (3.2.35)

This is in fact exactly solvable. That is because the instantaneous intensity is conserved by
this equation. Consider

D.|A(z,t)]* = 2Re A*(2,1),A(z,t') = 2Re iy|A(z,t)|* = 0. (3.2.36)
Therefore |A(z,t")|> = |A(0,t")|? and
D, A(z, ') = iy| A0, )2 A(z,1). (3.2.37)
This can therefore be directly integrated, yielding
A(z,t') = exp [ivz] A(0,)[*] A(0,). (3.2.38)

This equation has the interpretation that each time slice of the pulse (which is equivalent to
points on the pulse) picks up a phase proportional to the intensity of the pulse at that time
slice. This phase is called the nonlinear phase and is given instantaneously by

¢NL(z,t') = 72| A0, 1), (3.2.39)

This is, appropriately, called self-phase modulation. As we see, the instantaneous power does
not change at all, but the spectrum does change.

Self-phase modulation also leads to a chirp. To see this, let us consider our windowed
Fourier transform again. Let us assume that the nonlinear phase is sufficiently large such that
we can use stationary phase techniques again to compute the windowed Fourier transform
with a square windowing function. The windowed Fourier transform is equal to

to+(At)/2
A(Q,to) = / dt e HiNLEE) | P(0, 1) P01 (3.2.40)
to—(At)/2

8This from inverting 51 + [21).
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where we have expressed the initial pulse (z = 0) in polar form in anticipation of using
stationary phase and we have defined the phase of the initial pulse as ¢(0,¢’). Let us consider
a purely real and thus unchirped Gaussian pulse as an example. Then the stationary phase

condition is
2t ey

Q= —0ponL(z,t) = 72|A0|2ﬁe (3.2.41)

We see in this case that the frequency at some particular time slice is redder for ¢ < 0 (leading
edge) and bluer for ¢ > 0 (trailing edge).

3.2.3 Solitons

We now consider what happens when dispersion and nonlinearity are simultaneously present
in our system. This is a rich regime with a lot of complicated physics, some of which remains
even today to be an active form of research. There are typically very few analytical solutions
in this regime. However, under specific conditions with only second-order dispersion and
nonlinearity, the dynamics are analytically soluble. Although these solutions have been known
for decades, small changes of the equations evade analytical solutions.

To give some intuition for the fundamental idea, we notice that self-phase modulation
pushes high frequencies to ¢ > 0, while group velocity dispersion with Sy > 0 does the
same thing, and the two effects reinforce each other. On the other hand, if the dispersion is
anomalous and B2 < 0 then the two effects could even cancel out. It turns out this cancellation
is perfect and a pulse can propagate in a fully shape-preserving manner. We can get at this
idea as follows. There is a way to find this shape-preserving solution, called an soliton exactly
but it is very involved and for this course we will content ourselves with stating the solution.

The following solution is an example of a soliton.

A(0,t") = Agsech(t/T). (3.2.42)
Remarkably, its z evolution is
A(0,¢) = Agsech(t/r)ezAolz. (3.2.43)
It propagates and just picks up a nonlinear phase.

To see this, let’s compute the right-hand side. Using sech(z)” = sech(z) — 2sech®(z), we
have that the right hand side of the pulse propagation equation:

D, A(z,t) = —i%@E,A(z,t’) + iy A(z, )| Az, 1), (3.2.44)
which in this case is called the nonlinear Schrodinger equation is,
<—;’5_§A0 (sech(t'/7) — 2sech®(t' /7)) + iw\A0|2Aosech3(t'/7)) 371 Aolz (3.2.45)
While the right hand side is simply
%w\AO|2A0sech(t/7-)e%”|A°‘22. (3.2.46)
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To get both sides to be equal, one requires

ﬁ—j + 940> =0 = |Ag]* = -5 (3.2.47)
T Y

which requires 82 < 0 as is consistent with the argument we made about SPM and dispersion
imparting opposite chirp. With this constraint, we see that the left-hand side and right-hand
side are equal to each other. We can understand the condition above as a constraint on the
amplitude given known dispersion, pulse duration, and nonlinearity. Or we can understand it
as a constraint on the parameters for a given amplitude.

Beyond the soliton solution described here, there is a continuous family of soliton solutions
which are related by translations, phases, and initial velocities. I will not show it here, but
you can show (with a bit more algebra) that the following is also a solution to the nonlinear
Schrodinger equation:

t —to + |B2|Q02
T

. 1 1
At = dpset Yexp i (00— (e~ t0) ~ 51601952 + 21402 ).

(3.2.48)
Compared to the soliton solution we evaluated previously, this one is translated by a time
offset tg and has an overall phase ¢g. Additionally there is a frequency offset €)g which gives
the pulse an overall group velocity related to |52|€2 in the moving frame.
There also exist higher-order solitons which exhibit periodic breathing behavior that may
be understood as collections of more than one soliton which nonlinearly interact.

3.3 Nonlinear refraction of beams

The treatment of nonlinear effects thus far has frozen out the transverse dynamics of the
electromagnetic field: we have assumed that the light occupies effectively a single-mode
waveguide. There are however very important effects that become apparent when we consider
the transverse dynamics, including self-focusing, spatial solitons, and beam collapse. In what
follows, we develop these effects. We will pursue a simplified treatment in which we consider
propagation of scalar monochromatic beams. The topic of vectorial spatiotemporal pulses
with transverse and longitudinal dynamics is an area of still active research.

The starting point is the Helmholtz equation for the positive frequency part of a monochro-
matic field at frequency w. We will consider the light to be propagating in a medium with
uniform linear index ng. Including nonlinear polarization, the result is

(V2 +k3) E(r) = —3°;’22X<3>1E(r)|2E(r), (3.3.1)

where we have defined ky = now/c.

To proceed, let us consider a beam which propagates primarily along z with wavevector kg
with slow residual variations in z. While equivalent to our standard slowly varying envelope
approximation, in the spatial case, this carries an additional implication. In particular, our
slowly varying envelope approximation is equivalent to saying that there only negligible spatial
Fourier components with large angles to the z axis. This is called the parazial approzimation
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because it says that the wavevector components of the beam are mostly parallel to the
propagation axis . This is because, if we consider the Fourier transform of the field in space

Ek) = /dr e*TE(r), (3.3.2)

the only k components we expect to see are ones satisfying
k2 + k2 =K. (3.3.3)

Therefore, if we insist that the z-dependence has Fourier components k, ~ kg, then we have
that |k | < ko, and so the angular spread of the beam must be small. This is because the
wavevector components are associated with transverse propagation angles (in a small angle
approximation)

O0(k1) ~ |ki|/ko <1, (3.3.4)

establishing the equivalence of the spatially varying envelope approximation to the paraxial
approximation.
Therefore we write
E(r,w) = A(p, z)e*0?| (3.3.5)

where A(p, z) is a slowly varying envelope in z. Dealing with the z derivatives as usual, we

have that
2

. w
(V2 +2ik00) Alp, 2) = =35x®|A(p, 2)PA(p, 2). (3:3.6)
Rearranging terms, we find:

0.4= o ViA+ il SPTYY (3.3.7)
0

2npc

We then change units such that |A|? has dimensions of intensity rather than electric field
squared (but we still refer to the variable as A). The resulting equation becomes

V- 3iwx®

0,A=—V2A A?A, 3.3.8
2]{}0 VJ' * 460 262| | ( )
which we write as ‘
9,A = V2 A+ ik|APA, (3.3.9)
2kg

where

3
= ijé )2 _ nzko, (3.3.10)
€onpC no
This equation will be the basis for our investigations of spatial nonlinear phenomena. Like
the case where we studied nonlinear pulse propagation, we will start with the linear behavior.
Then, we will consider nonlinearity without diffraction. And finally we will consider what
happens when the two effects come together.
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3.3.1 Diffraction of paraxial beams
In the absence of nonlinearity, we have
i
0. A=—V3iA 3.3.11
z 2k0 1 ( )
To understand the dynamics of this equation, let us consider what happens when we have
a known field A(p,0) and we would like to know what the field is for z > 0. From Fourier

considerations, we could write this as

d’k ixp—ik’
Ap,z) = / 2n7° 20 A(k, 0), (3.3.12)
where I have taken k| — k for notational ease. A particularly important case is that of the
Gaussian beam. This is described by a situation where

2

P

A(p,0) = Age "1, (3.3.13)

where wq the beam waist is a measure of the width of the beam in the transverse directions.
The resulting field at nonzero z is given by the resulting Gaussian integral which is just a
two-dimensionally separable form of the same integral we encountered when looking at the
effect of second-order dispersion on pulses’. The result can be written as

1 o

A(p, Z) = AOm@iiU%(l+iz/b) y (3314)

where b = k:owg /2 is called the confocal parameter. The expression above for the so-called
Gaussian beam is often expressed in a non-complex form as

A(p,z) = A ! —it(2) ¢~ uhe o (3.3.15)
72 = E——— e wiz)e z’ ..
P ° V14 22/b?
where
2\ 2
w(z) = woy/1 + (5> , (3.3.16)
1 o z
Rl(2) = pep (3.3.17)
and .
_ -1(z
¥(z) = tan (b) . (3.3.18)

This is the standard form of the Gaussian beam'? Let us now discuss the physics of this
solution. I should mention that this is one of the most important free-space propagating

9In general, the math of beams is quite analogous to that of pulses in the linear and nonlinear regimes even
when one case has analytical solutions and the other does not
101f you compare this form to that in Haus’ Waves and Fields in Optoelectronics you will find that ours

maps to his with 1) — —1 and R — —R. This is a straightforward consequence of him using e~** to represent
2

because he defines a normalized Gaussian beam such that its square integral over x,y is unity.

forward propagation while we use e***. Additionally, you will find an additional factor of in his result
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solutions to Maxwell equations as it very well approximates the fields emitted by laser cavities
and thus many beams we work with are well-described by the Gaussian beam. Study it well!

The first thing to point out is that the beam width in the transverse direction, described
by the beam waist w(z), increases for |z| > 0, this is diffraction and is essentially equivalent
to what occurs when we have light undergo single slit diffraction. The scale over which the
beam waist changes is the confocal parameter k:wg /2. At large distance z the waist expands
linearly, implying that the light expands in a cone-like manner. The half-angle 6 of that cone
can be approximated as

w(z) wo = 2 A

0=l — — — . 3.3.19
Zggo z b k()’wo nomwo ( )

This same form for the angle could be inferred from simple Fourier uncertainty principle
considerations. Consider a wave in one dimension which is localized to a size Ax ~ wg. Then
there must also be a spread in wavevectors Ak, ~ ﬁ = wio, corresponding to an angular
spread''. That angular spread is simply Af = Ak];” ~ no)q‘u . Hence, we identify this Gaussian
beam spreading as diffraction. Importantly, we see that the angle of expansion depends on the
minimum beam waist. The more localized we are to start, the more the beam diverges as it
propagates. This can be straightforwardly recalled using the Fourier uncertainty principle. We
see that when wg > A, the angular spread is low, and the paraxial approximation is satisfied.
For beam waists close to the wavelength, the angular spread is large and this treatment
becomes invalid. We need to consider vector diffraction theory in that case. Diffraction is
expected by energy conservation to dilute the amplitude of the beam. This is exactly what
the factor (14 22/b%)~Y/2 is doing.

The next factors we would like to understand are the phase factors. Let us start with the
factor ¢*07”/2R(2) This describes a wavefront with a z-dependent radius of curvature R(z).

At large distances the surfaces of constant phase are given by parabolas with z = %. The
remaining factor e~ (%) called the Gouy phase describes an additional effective wavevector
for light at the beam waist (at large z this factor is equivalent to an overall phase). That
additional wavevector is of order —1/b and essentially reflects that sharp transverse variations
associated with localization must take away from the longitudinal wavevector.

Similar to our analysis of pulse propagation, we can define an instantaneous spatial
frequency (also known as, wavevector) for the beam. Recall in the temporal case that we
defined our instantaneous frequency in the context of finding the spectrogram of self-phase
modulation. This instantaneous frequency arises from stationary phase considerations. The

instantaneous wavevector is given by

ik0p2 “ b ]C()p2 2’2 - b2 k‘o
k(r) = — = — . 3.2
)=V <k0z * 2R(z) ¢(2)> : (ko 22+ b? T (22 + b2)? * R(z)p (3:3.20)

We will not worry about the two corrections to ky which are of the same order and are
Gouy-like. Thus we will approximate the local wavevector as

ko

k(I‘) ~ koi -+ R(Z)

p. (3.3.21)

1

1The Fourier uncertainty principle is AzAk, > 5 which is straightforwardly inferred from taking the

quantum mechanical version of the statement AzAp, > % and taking p; = hk,. I am dropping all prefactors

since this argument is meant to just explain the scaling.
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The local angle of propagation (if we think of our expanding beam in terms of a diverging
bundle of rays) is, in a small-angle approximation:

o(r) ~ (3.3.22)

which, at the beam waist, and for large z approximates to w(z)/z = w/b as consistent with
our previous analysis. The instantaneous wavevector picture, besides giving a rigorous and
intuitive ray-optics description of our beam, also will be indispensable for understanding the
effect of nonlinearity, which we now turn to.

3.3.2 Self-phase modulation in space

Now that we understand the linear behavior somewhat, let us now consider the nonlinear
terms alone. We are left with
D, A = ir|A]*A, (3.3.23)

which can be seen to be solved by
A(p, z) = A(p,0) exp [ir|A(p,0)[*z] A(p,0). (3.3.24)

As we shall now show, this corresponds to changing the instantaneous wavevector of the beam,
leading to a remarkable effect called self-focusing.

Let us consider what happens in the case of a Gaussian beam. Let us assume that the
Gaussian beam is collimated: in other words, kgwy > 1 and so the confocal parameter is very
large compared to the length of propagation. In this limit, we can approximate z as zero for
the Gaussian beam. In this case, this collimated beam experiences an additional phase (a
phase modulation) of

K| Ag|2e 20"/ (3.3.25)

The instantaneous wavevector is therefore given by (for z < b)
K(r) = ko — 4rz| Ag|? - e=20/5, (3.3.26)
w

You can already see it: the additional wavevector points inwards towards the center of the
beam at all points along the beam. That means that the light rays want to bend inwards
towards the center, making the beam smaller. This is the essence of self-focusing. If it is
possible for example for all rays to converge onto a point, then the beam will undergo a
catastrophic collapse. In particular: the beam having some intensity causes it to bend inwards,
and increase its intensity. That however causes more bending, until the beam focuses to a
point. At this stage, the beam intensity can become so high that few materials can withstand
it and undergo damage.

Before we provide a condition for self-focusing, it is worthwhile to describe another
perspective on how we see inward focusing that does not rely on the instantaneous wavevector.
The intensity-dependent phase modulation is strongest at the center corresponding to a
phase advance for rays propagating on-axis relative to rays propagating (along z) which are
displaced from the beam axis. If we draw surfaces of constant phase, they will be curved, and

58



the curvature will be such that they appear to emanate from a focus at positive z. This is
suggestive that the nonlinearity is acting as a focusing lens.

In what follows, we will pursue a significantly oversimplified analysis of self-focusing which
should not be taken to be quantitative. However, it will yield the correct scaling laws for the
so-called critical power for self-focusing, and the length over which self-focusing occurs. We
see that the inward bending of rays depends on the phase gradient. Let us approximate this
phase gradient as xIz/w where I is some characteristic intensity and w is some characteristic
length. For a Gaussian beam, I could be the intensity at the beam center and w the minimum
beam waist. In this case, the downward bending angle of an off-axis ray is given by

klz nolz

ONL = —— = :
wko now

(3.3.27)

We shall (very coarsely) assume that this angle is maintained for a distance z until the ray
crosses the propagation axis, therefore traversing a lateral distance w. By construction, this
ray always meets the central on-axis ray since from our considerations above for the Gaussian
beam, the central ray experiences no deflection. Then 6 ~ w/z in a small-angle approximation

and we have

1 1
B, = 25 = = = (3.3.28)
no no

The distance required to focus is given by

no

Lf = w/@NL =w TQI (3329)

Now one thing our analysis has neglected so far is the fact that a Gaussian beam will
naturally spread outwards with some asymptotic angle p = Tm;\wO. One can expect that
if On1, < Op then the beam will still spread out, just at a reduced angle. Meanwhile, if
OnL > Op, then one gets catastrophic self-focusing. The boundary case is when self-focusing
balances diffraction, and in this case it is possible to get a shape-preserving beam called an
spatial soliton. This effect is called self-trapping and this occurs for a critical intensity /. and

corresponding critical power P. = ngI equal to'?:

I. A A2
W22 = — P = . (3.3.30)
ng Tnow 2mngne

Expressed in terms of the critical power, we can write the self-focusing length as'?

2
Tnow 1
L,= _— .3.31
R i (3:331)

For P = P, and a 100 micron beam waist at a wavelength of 1 micron with a characteristic
index of 1.5, the self-focusing length is roughly 5 cm. The corresponding critical power in a
material such as silica is on the order of 10 MW.

12The prefactor for this critical power is different than both what is in Boyd and what is in Yariv’s Quantum
Electronics. This is to say that we should only take the scaling seriously.
13This also slightly differs from Boyd in overall prefactor, as is to be expected.
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3.3.3 Filamentation of an optical beam

We conclude this chapter by discussing what happens when the beam power is significantly
larger than the critical power for self-focusing. The short answer is that the beam will break up
into beamlets or filaments each which carry approximately the critical power for self-trapping.
We will pursue a simplified analysis of this problem as follows. Let us crudely approximate
our beam as a strong plane wave. The rough idea is that the beam will break up into other
beams propagating in other directions. So let us describe the growth of these beamlets as
follows. Let us take our field as

Alp, 2) = (Ao(2) + 6 A(p, 2)), (3.3.32)

where [0A| < |Ap|. In other words we have a strong forward-propagating plane wave
representing the main beam'* which seeds a transverse varying field 6 A(p, z).

0. Ap = ir|AglP Ay => Ao(z) = Ag(0)e™ 14007z = 4610 (3.3.33)

In what follows, we will refer to Ag(0) as Ag and Q = x|Ag|?>. At order §A, we have two
coupled equations

7

2ko
9,0A* = _ivim* — ik (2] Ao (2)|26 A" + AP(2)5A) . (3.3.34)
0

0.6A = —— V2 5A +ir (2| A0(2) |20 A + AZ(2)5 A¥)

which may be simplified as

7

2ko

0,0A* = fivim* — ik (2] Ao|26 AT + A2 2975 4) . (3.3.35)
0

0,0A = ——V25A + ik (2| 4|26 A + Ae*' 975 A¥)

By defining envelope variables § A = § A¢i@=+iar8(40) e can get rid of the nonlinear oscillations
and write

K

2ko

004" = — L V254" — ik (]A0|25fl* + |A0|25A) . (3.3.36)
2ko

0,64 = —— V254 +ix (yAO\Z(sA + |A0\2521*)

Let us now go into the Fourier domain in the transverse wavevector space, defining A(p, z) =

i (5727;12 e'P A(q,z). We see then that we may write

" <fl<—q7 z)*) - (—Q ~K) \A(=q,2)")" (3:3.37)
In writing this, we have used the fact that (A4*)(q) = (A(—q))*. We have also defined

2
K=Q- 4.

4Remember that the overall electric field has an e?*07,
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As with typical linear systems of equations, a good way to analyze it is by looking at the
eigenvalues and eigenvectors of the matrix. The eigenvalues A are found to be'®

q2
— +/Q2 - K2 =+,/2— - 3.
A2 Q \/ 2k:0Q \/2k0\/ 2Q 2k0 (3:3.38)

We see that in the absence of nonlinearity, the eigenvalues are purely imaginary, corresponding
to oscillatory solutions. For finite nonlinearity, we see that for small transverse wavevectors,
there is a positive eigenvalue corresponding to an exponentially growing solution. This
corresponds to the exponential growth of perturbations from initial noise. The maximum
growth rate occurs for a transverse wavevector ¢ = 2kox which maximizes

z(2Q — x), (3.3.39)

for which the maximum is simply x = @, corresponding to a maximum gain at wavevector

Qmax €qual to
Gmax = V/ 2k0f§|A0‘2, (3340)

corresponding to the harmonic mean of the central wavevector and the “nonlinear wavevector”.

The picture we have developed is now this: a plane wave propagating in a nonlinear
medium is unstable and seeds the exponential growth of waves propagating off-axis. We can
go back to the beam picture by considering each of these plane waves as beamlets carrying
a localized region of light around it'®. These beamlets in reality will diffract while growing.
This puts a natural cap on the growth because at some point the power in each beamlet will
approach the critical power for self-trapping. Thus the initial beam develops modulations
which grow into beams or filaments which carry power approximately equal to P.. This is
called filamentation, and the growth of transverse variations (modulations) from noise is called
modulation instability, because if there is any initial modulation present in the field (nonzero
dA in our analysis), then the perturbations will grow from noise.

We mentioned that the perturbations grow from noise. This can correspond to imperfections
such as aberrations in the optical beam, or propagation through even a weakly disordered
medium. Even in an ostensibly clean beam with field Ay only, with no initial perturbation,
it turns out these perturbations can continue to grow. This happens due to quantum noise:
Heisenberg’s uncertainty principle for the electric and magnetic field states that the fields
cannot be exactly zero, only on average both zero. So we can think there is a small fluctuating
perturbation called quantum noise which seeds this filamentation. That brings us to the
second part of the course, on the quantum description of nonlinear optical phenomena.

5The quick way to do this is to note that the matrix is iKo. — Qo, and to use the standard result for
eigenvalues of sums of Pauli matrices. Note however that because of the imaginary coefficient of o, the matrix
is not Hermitian.

8The linearized analysis above is much more complicated with an optical beam although it can still be done
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Part 2: Quantum Nonlinear Optics
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Chapter 4

Quantum mechanical description of
the electromagnetic field in matter

We have thus far spent our time in this course studying how the propagation of light is
modified by a material. In the linear regime, in which the material polarization is linear in the
total electric field, the overall effect is to establish a refractive index for light. In the nonlinear
regime in which the material polarization is nonlinear, a variety of new effects emerge such
as the generation of new frequencies, the electro-optic effect, and the intensity-dependent
refractive index. In all of our treatment thus far, our treatment of the electromagnetic field
and matter has been according to classical physics, although we have explained a few things
in terms of a heuristic photon picture.

At the same time, the fundamental description of light and its interaction with matter is
based on quantum mechanics. In standard treatments of quantum mechanics, it is typical
to quantize matter: to quantize electrons, nuclei, and other matter particles and study
their quantum properties based on the dynamics of the corresponding wavefunction. Based
on the time-development of the wavefunction, expectation values of Hermitian operators
(observables) can be computed. It is in some sense only expectation values of Hermitian
operators that we can physically observe. Although it is not typical in standard courses
of quantum mechanics to quantize the light field, it can be done and conceptually the
quantum mechanics of the electromagnetic field is similar to the quantum mechanics of matter.
Compared to electromagnetic field quantization as is done for example in quantum field theory,
our quantization has to be able to describe the quantum properties of light propagating in
matter, which requires accounting for the effect of polarization in a quantum mechanically
consistent way.

In this second part of the course (Units 4 and 5), we will treat the electromagnetic field
quantum mechanically. Such a treatment is necessary to describe the statistical properties of
light, which are important for describing spontaneous emission, noise in light sources, funda-
mental limitations to optical amplifiers, and nonclassical correlations such as entanglement
and squeezing which are of importance for quantum-enhanced sensing.

In Unit 4, we start by quantizing the electromagnetic field in matter. The outcome of this
procedure is a Hamiltonian for the electromagnetic field expressed in terms of electromagnetic
field operators: specifically the vector potential and the displacement field, which will have
canonical commutation relations much like the position and momentum of a particle. Using this
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Hamiltonian, we will explore the stationary states (eigenstates) and important superpositions
of them which correspond to commonly realized quantum states of light. From there, we will
describe how we measure the quantum properties of light, and in doing so, develop a theory of
photodetection. With the apparatus of photodetection theory, we can then describe different
types of correlation measurements of light and under what conditions a certain measurement
cannot be realized classically !

In many cases, light states experience attenuation or amplification which correspond to
non-conservative or open system dynamics classically. A quantum mechanically consistent
treatment of such open system dynamics requires the introduction of quantum noise sources
whose effect is typically to degrade quantum correlations and degrade signal-to-noise ratios.
Such effects lead to important limits on devices such as optical amplifiers, with important
implications for optical communications.

In Unit 5, on the quantum optical description of nonlinear optical phenomena, we will use
the apparatus developed in this unit describe how nonlinear media lead to the generation of
quantum mechanical states of light such as entangled photons and squeezed light. And we
will conclude by illustrating how quantum light states allow measurement sensitivities which
can exceed what is possible classically.

4.1 Quantization of the electromagnetic field in matter

4.1.1 Electromagnetic Lagrangian of a lossless nonlinear medium

We start by developing a quantum description of the electromagnetic field in a material. Such
a description is called macroscopic quantum electrodynamics. We follow a standard procedure
in quantum field theory: (a) identify a Lagrangian whose Euler-Lagrange equations reproduce
the classical equations of motion, (b) identify the corresponding Hamiltonian via the Legendre
transform, and (c) canonically quantize the fields by introducing canonical commutation
relations for the complementary dynamical variables. These canonical commutation relations
must reproduce the classical description in the appropriate classical limit. This procedure is
called canonical quantization. We will assume familiarity with Lagrangian and Hamiltonian
mechanics, as well as Maxwell’s equations based on the vector and scalar potentials. These
main results are reviewed in Appendices 1 and 2, and the reader is encouraged to look there
for more details.

In Unit 1, we discussed the energy of the electromagnetic field in a nonlinear medium and
in so doing, introduced a Lagrangian for the electromagnetic field in matter which reproduced
the Maxwell equations in the presence of polarization. We found that the Lagrangian density
was given in terms of the electric and magnetic fields via

L= (E~B)? + Ly, (4.1.1)

where

oo
Lol = €0 Z 102112 aniOEil o =¢ Z n -+ 1 B0, (4.1.2)

!This chapter was written with helpful contributions from Jamison Sloan.
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Let us now find the corresponding Euler-Lagrange equations for this Lagrangian. Before
we do this, we will do a change of variables, from E and B to A and ¢, the vector and scalar
potentials. As a reminder, the fields are related to the potentials by E = —0;A — V¢ and
B =V x A. Importantly, we remember from electrodynamics that there is gauge freedom: we
are allowed to change the potentials by a gauge transformation without changing the physical
electric and magnetic fields. Recall that if we take ¢ — ¢ + 9;x and A — A — V for any
function y, we get the same fields. Therefore, when we work with potentials, it is useful to
specify a gauge. A useful gauge is the so-called Coulomb gauge in which V - A = 02,

Quantization is usually approached from the standpoint of the potentials because there are
certain constraints which emerge naturally in the language of potentials that are important
to track. We will see this shortly. The Euler-Lagrange equations for the scalar potential are?:

oL oL oL

2 a0 "% a05,9)

where the j denotes spatial indices which are summed over. The first and second terms are
zero, as the only way ¢ appears in the equation is through its gradient. The relevant derivative
is most easily evaluated by

=0, (4.1.3)

oL oL OE; oL
— = —{;i—. 4.14
0(0j0)  OFE; 0(0;¢) T OF; ( )
The derivative with respect to the electric field is evaluated as
oL  (n
o5 = <60E¢ +eozx§il),,,inEi1---Ein> = D;, (4.1.5)
v n=1

where D = ¢gE + P. In evaluating the derivative, I made use of the Kleinman symmetry of a
lossless medium which allows us to freely permute the indices of x(™. This renders all n + 1
terms generated in the product rule equal to each other. Combining these derivatives with
the Euler-Lagrange equation gives

oL
9(0;9)

8j = —anij =0, (4.1.6)

In other words, we get Gauss’ law:
V-D=0. (4.1.7)

This equation tells us that ¢ is not freely determined. Why? Because we can write
V:-D=V-(e(-0A—Vo)+P). (4.1.8)

In the Coulomb gauge, we may write

V-D=—V2%—pp=0 = V=2 (4.1.9)

€0

2The reader should convince themselves that if they are in a gauge in which V - A # 0 then they can find a
x which makes the vector potential divergenceless and that this y satisfies a Poisson equation.

3As described in the relevant Appendix, we treat the field, its time derivatives, and its space derivatives all
as independent variables.
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where p, = V - P is the bound polarization charge. Therefore the potential is given in terms
of the electric field itself (which determines uniquely the polarization) by Coulomb’s law (this
is why the gauge is called Coulomb gauge).

So much for the scalar potential. Let us now look at the equation for the vector potential.
For each component, A;, the Euler-Lagrange equation is

oL oL oL

oa, 2oy T % a0, 4

= 0. (4.1.10)

The first term vanishes while the other two are non-zero. The first of the two is

oL oL 0E; . OC
00 A;) ~ OF; 0(0,A;)

= —0ijj == = —D;. 4.1.11
5J8Ej ( )

The second of the two is evaluated using a similar chain-rule approach as:

OL 9L OB, By 9By

= =—— ) 4.1.12
The derivative of the magnetic field is evaluated as
0B 0
8jAk¢ = ﬂekrsarAs = ekrséjr5is = €kji, (4113)
where ¢€;;; is the usual Levi-Civita symbol. Using this, we find
oL By
= ——€Lii, 4.1.14
2(9;4i) o ( )
and so the Euler-Lagrange equation for the vector potential may be written as
1
—OD; — —ekjiﬁjBk =0 —= V xH=29D, (4.1.15)
Ho

where H = B/p. This is just the Ampere-Maxwell law in a medium. We may use these
results to get an overall wave equation as follows. From the Ampere-Maxwell law and the
definition of the potentials, we have

1
VXVxA=pud(cE+P) = —VxVx3§A= fgafE — P, (4.1.16)
Using —0;A = E + V¢ and V x V¢ = 0, we have
1
VxVxE+ C—QafE = —upd?P, (4.1.17)

which is the Maxwell wave equation. From these, we can in principle back-track and get the
magnetic Gauss law and the Faraday laws as well.

We have now shown that our postulated Lagrangian reproduces the classical Maxwell
equations. Before quantizing the equations, we now develop the expression for the Hamiltonian,
which is the classical energy of the system. You also know however that the Hamiltonian
is the generator of time-evolution in quantum mechanics, and so the Hamiltonian will be a
central object for us in our quantization.
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4.1.2 Hamiltonian of a lossless nonlinear medium

The Hamiltonian H is typically expressed as an integral over the Hamiltonian density H
(energy density) via

H= /d3r H. (4.1.18)

The Hamiltonian density follows from a Legendre transform of the Lagrangian. You may
recall for a single particle, H(p,q) = p¢ — L(q, ¢) where p = % is the canonical momentum
corresponding to the generalized coordinate q. The idea in field theory is the same where in
our case the generalized coordinates are taken to be the potentials ¢, A. The Hamiltonian

density corresponding to our electromagnetic Lagrangian is:

oL oL
= —— ——(0;A;) — L. 4.1.1
The canonical momentum for the scalar potential
oL
Iy = =0, 4.1.20
" 0a9) (4120

which is a manifestation of the fact that ¢ is not an independent degree of freedom. The
canonical momentum density for the vector potential however is nontrivial and given by
oL

II; = o] = —D;. (4.1.21)

Very importantly, the canonical momentum is the displacement field. The Hamiltonian density
may now be written as

H=—Di(~E; ~ 0i¢) - L=H +D -V, (4.1.22)

where H' = D -E — L. T have roped off the last term off because it does not contribute to the
Hamiltonian. That is because

/d3r D V¢ = —/d3r #(V-D) = 0. (4.1.23)

Therefore, we will not keep track of it, and only consider

B2

'“D.E—L = M) gemt) | 2 4.1.24
H £=0) e Lo (4.1.2)

where
€™ = ™ if p > 2: else M) =14 (U, (4.1.25)

where “1” represents the two-by-two identity matrix.

To quantize the fields, we follow the standard procedure in quantum mechanics, which is to
promote the canonical positions and momenta to operators satisfying canonical commutation
relations. To do this, we start by expressing the Hamiltonian directly in terms of the
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canonically conjugate variables which are A;, II; = —D;. This is done as follows: let us define
the relationship E(D) via

E=> n":De" (4.1.26)

The values of ) are expressed in terms of the nonlinear susceptibilities y by writing D = ¢gE+P
and solving the resulting equation order by order in E (see footnote for example?.)

To express the Hamiltonian density H’ in terms of D, we make use of the following
identity”:

_ Ll oo ) e NS () pent)
/E dD = S eE +60;n+1x 'E —60;n+16 'E . (4.1.29)

Using this result, and expressing E in terms of D and evaluating the resulting integral (via
the same manipulations as in Footnote 4), one arrives at

H= /d37“ Zn(n) : D2 4 (V;;O ) ) (4.1.30)

n=1

where I have expressed B in terms of A to express the Hamiltonian fully in terms of D, A.

4.1.3 Quantization

The canonical quantization proceeds by promoting A and D to operators satisfying canonical
commutation relations. Since we can think of fields as a collection of ¢ numbers for each
position and each direction, it is tempting to impose the commutation relation [A;(r), II;(r")] =
[A;i(r), —D;(x")] = ihd;;0(r — r’). However this cannot be right as it is not consistent with
V-A =0and V-D = 0. In fact, since both fields are divergenceless, the resulting tensor
function needs to project functions onto other divergenceless (transverse) functions. The
corresponding answer is instead

[Di(r), A;(x')] = ihd;5(xr — ). (4.1.31)

The object 51# (r —r’) is called the transverse delta function and is a distribution defined by

3.1 ¢l / / 1
[ e xx0) = X, (1.1.32)
4The results for the first two terms are, for example,
1 1 _
) = St X! (4.1.27)
Mion = =€ Ximn ) o - (4.1.28)

We see, for example, that the second order response 17(2> is proportional to X(Q), but now contains some extra
factors related to the linear response. The third-order response 77<3) will similarly involve n(l) and 77(2)

5This identity is proved as follows: write fE -dD = ¢g f E - -dE + fE -dP. The first term is %€0E2. The
second term is integrated by noting that dP = dP™ = pP™ . dE. The factor of n follows from Kleinman

symmetry. The remaining integral may be done by similarly noting that P dE = n%rld(x(") : ES(D),
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where X (r) is the divergence-less (transverse) part of X defined such that V- X+ = 0. Recall
from electrodynamics that the Helmholtz-Hodge decomposition enables us to decompose
an arbitrary differentiable vector function into a divergence-less (transverse) part and a
curl-less (longitudinal) part®. We will take this commutator as the fundamental postulate of
macroscopic quantum electrodynamics. With this, and the Hamiltonian, all else follows.

It will turn out that in many cases, we want commutators of the displacement field and
the magnetic field. That commutator is given by:

[D;(r), Bj(r')] = ifiej1m 0,0, (r — 1), (4.1.34)

where @ denotes derivative with respect to r’.

4.1.4 Heisenberg picture description of the quantized electromagnetic field

To check that this commutator and Hamiltonian are valid, we now derive the Heisenberg
equations of motion and show that in the classical limit, they reduce exactly to Maxwell’s
equations in a nonlinear medium. Recall that the Heisenberg equations are generally expressed
as )
i
h
where O is some operator. Let us start by examining the time-development of D, which
satisfies

O = —[H,0], (4.1.35)

i i
0:Dj(x) = £[H,Dj(x)] = - — [ &’r [By(r)?, D;(x)], (4.1.36)
h 2hu0
which using the fundamental commutator can be written as
0,D;j(x) = % / &r By(r)(—ihegmid i, (r — X)), (4.1.37)
0
which can be written as
1 1
0Dj(x) = /d3r (V x B)méj‘m(r -x)) = —(V x B)(x). (4.1.38)
Ho Ho
In other words, we have
V x H=9,D, (4.1.39)

which is the Ampere-Maxwell law in operator form.
Let us now derive an equation for the time-development of the magnetic field. That
equation is

O Bj(x) = %[fﬁ Bj(x)] = ;/dgr > ni : ™ : D(r)®" ) B;(x)). (4.1.40)
n=1

5The names transverse and longitudinal are most easily understood by noting that a divergence-less function,
in Fourier space, satisfies k - X(k) = 0 while a curl-less function satisfies k x X(k) = 0. Therefore a transverse
(longitudinal) function, in Fourier space, has the property that the vector field X(k) is transverse (longitudinal)
to k. From this reasoning, you can convince yourself that in Fourier space the transverse delta function is
represented by

sty = [ Lk e sk (4.1.33)
ij = (271_)36 ij iRKj)- 1.

The tensor structure precisely projects out the part of a vector transverse to k.
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Using the product rule for commutators (e.g., [AB,C] = A[B,C] + [A, C]B) repeatedly, the
above reduces to

i > , )
OBj(x) = + / d*r > (™ D(EX)®™)ig X im0 50 (r — X), (4.1.41)
n=1

where (n(™ : D(r)®"); () D ---D

io = Migiy iy, and the primed derivative denotes differentiation

in

o
with respect to x. To simplify this further, we note that since F;, = 3. (™ : D(r)®");,, we
n=1
my write .
i

0.Bj(x) = &

iom

/dsr E;,(r) x ihejlmallcsL (r —x). (4.1.42)

To proceed, we write

8:Bj(X) = —€jimd, / &1 Big(r) X 0, (r — X) = —€jim8 Bm(x) = —(V x EY);(x). (4.1.43)
Note however that V x EL = V x E since V x Ell = 0 by definition. Therefore, we simply
have

V xE=-9,B. (4.1.44)

This corresponds to Faraday’s law in operator form.

We should mention that the electric and magnetic Gauss’ laws follow as constraints in
the quantization and were effectively imposed by setting the commutator of the displacement
and magnetic field to be a transverse delta function. In the classical limit, we replace all
operators with commuting numbers and we recover the classical Maxwell equations, suggesting
the validity of our canonical quantization. We now move to study the eigenstates of the
Hamiltonian, which are key to understanding quantum optics.

4.1.5 Photons in a medium

Let us consider what happens in one of the simplest possible cases: a linear, homogeneous,
and isotropic medium. In this case, we can write the Maxwell equations for the electric fields
as

n2
V’E — g(‘)fE = 0. (4.1.45)
It will be helpful to write the electric field as

3 .
E(r,t) = / (%3 z/\:EA(k,t)eZk'réA(k), (4.1.46)

where €, (k) is a polarization vector satisfying k-€é, (k) = 0. In other words, we are decomposing
the electric field into a sum of transverse plane waves. We refer to this representation of the
electric field as a “mode expansion”. Now, recall that E is an operator, and it is an operator
which represents a physically observable quantity and must therefore be Hermitian. That
imposes a constraint:

E\(k,t)éx(k) = Ex(—k, t)Tée5 (k). (4.1.47)
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Note that the two-dimensional vector space spanned by the polarization vectors for k and —k
is identical, and so we are free to impose for example that €, (k) = €} (—k). We can also impose
orthonormality on the two polarization vectors for any given k such that €3 (k) - éx/(k) = dxy
(with A = 1,2). Therefore, we may simply say that Hermiticity requires

E\(k,t) = Ex(—k, t)T. (4.1.48)
Plugging our mode expansion into the operator Maxwell wave equation yields
Ex\(k,t) +wiBy(k,t) =0, (4.1.49)
with wy = ck/n. The corresponding oscillator equation is solved by complex exponentials via
Ex\(k,t) = af (k)e ™r 4 p¥ (k)er!. (4.1.50)
The Hermiticity condition on E implies that

a¥ (k) = ¥ (k)T (4.1.51)

Therefore, we may write our mode expansion for the electric field operator as

E(r,t) = / (;lﬂl;:g ; (af(k)elk'r*“"ktg(k) +af (k)T e’lk'r“wktéj(k» : (4.1.52)

As of now, the ay(k) operators are ostensibly arbitrary operator-valued constants. They
however are not arbitrary as the corresponding D and A fields implied by this expression
need to satisfy the canonical commutation relations. The A field is given by

dBk 1 ikr—iwnt A —ik-r+iwgt ~*
A(r, ) :/W;M (af(k)ek ktey (k) — o (k)te—ikrt kte/\(k)), (4.1.53)
while the displacement field is given by
D(r,t) = / ﬂzeoe (af(k)eikr—iw'ctg(k)+a§<k)Te—ik~r+we;(k)>. (4.1.54)
R NCEpA

To evaluate the commutator [D;(r), A;(r")], we will need to evaluate the commutator
[a¥ (k), ak;(K')T]. To converge on final notation, let us define af’(k) = i€, (k)ax (k). It is clear
that from the standpoint of the electromagnetic field, different wavevectors are independent
of each other and different polarizations are as well.

Therefore, we impose the commutation relation

(0% (), af(K)T] = |62 (k) Plar(k), aly (K)] = [E3)[2 x (27)%6(k — K)oy n.  (4.155)

"The factor of i is arbitrary of course as we could have chosen any phase: we just choose the phase convention
that aligns with standard texts on non-relativistic quantum electrodynamics.
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Using these results, the equal-time® canonical commutator is found to be

d*k LE0E [ ik(r—1') - A% —ik(r—r’) 2% A
D10 Ay (r0] = [ s S IERIPI (M 1), ) M 1) 1))
A

(4.1.56)
If we take |€)(k)|? = g“:) £ we can perform the sum over polarizations and find”
[Ds(r, 1), A; (v, )] = ih / Phke—r) | ik 5, k) (4.1.57)
ACERIIEEVACE) ) (27_‘_)3 ij ilj). A
Taking k — —k in the second term immediately yields
. d*k ik(r—r’) 7 o] /
[D;(r,t), Aj(r,t)] = ih W@ (0i5 — kikj) = ihd;;(r —r'). (4.1.58)

Summarizing, we may write our electric field operator as

E(r,{) =i / (%3 %: 1 /g‘;’z (ax(k)e’k'r’wkté,\(k) - a,\(k)Te”k'”Wk%f\(k)). (4.1.59)

The other operators follow immediately from the Maxwell equations as

3 €Q€E . . . .
D(r,t) =i / (gﬂljg XA:,/ 0 Z“”’f <aA(k)e’k'r‘Z“ktéA(k) —a,\(k)Te_Zk’”“’ktéj(k)) (4.1.60)

and

d®k h . L
A — k ikr—iwgt 2 k kT —ik r+iwgt ~x K)) . 4.1.61
0= [ o 2\ 20 (a8, (1) + ay () e §09)). (4.1.61)

Let us use these results to express the Hamiltonian in terms of ay(k) and ay(k)’. The
result can be quickly found to be

3
= / (;l;)ﬁg 2 % (tu(k)cu(k)T + aA(k)Ta)\(k)> (4.1.62)
A

Using the commutation relations for a, al, we have

H= / (;‘i’; ZA: hwpa(k)Ta(k) + Hzp, (4.1.63)

8The commutators we have been writing thus far are Schrodinger picture operator commutators. In the
Heisenberg picture, so long as the operators are evaluated at the same time, it is equal to the Schrodinger
picture (t=0) commutator.

9T’ve used the fact that the two polarization vectors and k span three-dimensional space such that 1%112:] +

2o iR (k) = dij.
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where Hz p. is an infinite constant called the zero-point energy. It has no effect on physical
predictions that we will make. Thus, in what follows, we will drop the constant and write

3
H= / (gﬂk)g ;hwka(kﬂa(k). (4.1.64)

Now, the commutation relations for a,a! are clearly those of creation and annihilation
operators of the harmonic oscillator. This should be no surprise as we essentially introduced
these operators to diagonalize a quadratic Hamiltonian. The electromagnetic field Hamiltonian
is essentially the field theory version of p?/2m + mw?x? /2.

4.1.6 Box quantization

While everything thus far has been rigorous, it is somewhat inconvenient to normalize a, af
such that their commutation relations are delta functions. Instead, we consider our continuous
space as the limit of a large box of volume V with periodic boundaries as V' — oo. The
periodic boundary conditions impose that k = 2T“(mgc,my,mz) where m; , . are integers.
Then, our integrals over wavevectors are replaced by discrete sums and our delta-function
commutators are replaced by unit commutators. Noting that Zk: = % 1l d3k, and that

ik =0) = ‘liino V/(27)3, we may define a dimensionless ai = a(k)/v/V which has the

property that [ak x, aL, )] = Ok v. Then, we may write

H =" hwgal yaxr + Hzp, (4.1.65)
kA
with [ay, ,\,aL’/\,] = dkwoy . Field operators may be written in the following way. The

electric field operator can be written as

E(r,t) = ZZ \/ 2606];/ <ak,>\e’k'rﬂw’“ték,A — aL/\e*’k'”W’“%ﬂ’)\) . (4.1.66)
k,\

4.2 Quantum states of light

In the previous section, we showed that we could describe the electromagnetic field the way we
would describe a collection of independent harmonic oscillators. There is one oscillator for each
classical solution of Maxwell’s equations, which in free space, is labeled by a wavevector and a
polarization transverse to the wavevector. The electromagnetic field operators, specifically the
vector potential and (minus) displacement field act as position and momentum-like variables
and they are expressed in terms of linear combinations of creation and annihilation operators.
The Hamiltonian, or energy, is also expressed in the way we expect for a collection of simple
harmonic oscillators. Thus, we can now very easily talk about a basis of wavefunctions which
span the Hilbert space describing electromagnetic field states. That Hilbert space, Hgy could
be written as

Hem = span{|nk, &, ks e, - - - )} = span { ® ]nk,gk>}, (4.2.1)

k,éx
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where ® is the usual tensor product which allows us to adjoin multiple Hilbert spaces and the
state |n) is a number state, Fock state, or simply, an n-photon state, defined via

“ o 4.2.2
In) = ﬁ‘ ) (4.2.2)

with |0), the zero-photon state or vacuum state defined such that
al0) = 0. (4.2.3)

The label k, €, on ny ¢ denotes that we are taking about an n-photon state in a field mode
with wavevector k and polarization €.

The notation is more complicated than the physics! The state |nk17gk1 s ey 0y 5 - - .) just
represents a state in which there are Nk, &, photons in ki, €y, , Nk, photons in ko, é,,
Nky,&, Photons in K3, €, and so on. What the notation does however make abundantly
clear is that the state space in quantum electrodynamics is vast in comparison with that of
classical electrodynamics. In classical EM, the field is specified by one complex number for
each wavevector-polarization pair. In quantum EM, each wavevector-polarization pair has
an infinite-dimensional vector space attached to it! This much larger space of possibilities,
directly leads to a number of behaviors of the EM field which are impossible to enable in
classical EM. These novel behaviors typically concern the statistical properties of light. We
will explore that in the following sections. To do this, let us take an very simple approach
which is to consider an single mode of the electromagnetic field. Here, you can imagine
a mode to be that which labels a classical solution of source-free Maxwell. In free-space,
that is a wavevector-polarization pair. Other examples of single modes can be light confined
in an optical cavity at a fixed resonance frequency. Although this may appear restrictive,
many physically relevant situations—such as a Gaussian beam interacting with a nonlinear
crystal—and sometimes even optical pulses, can be well understood at the qualitative level
using the single-mode description.

4.2.1 Single-mode quantum states of light
A single mode of light is described by a quantum harmonic oscillator with Hamiltonian

H = hwoa'a, (4.2.4)
with [a, aT] = 1. The field operators in this case can be written for example as

E(r,t) = E(r)ae” ™! + £*(r)ale™!. (4.2.5)

For free space, £(r) = \/geik'rék. For more complicated structured media, the £(r) satisfies
the appropriate source-free Maxwell equation. We see that for a given position, the vector
potential is proportional to X = (a+a')/v/2 electric field is proportional to P = i(a’ —a)/v/2,
which are position and momentum like operators of an oscillator. We refer to X, P as
quadratures of the electromagnetic field. They satisfy an uncertainty principle AXAP = i.
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Fock states

We start our discussion of quantum states of light by analyzing simplest states from the
Hamiltonian perspective, which are the eigenstates, called Fock states, or number states,
or n-photon states. As you recall from your studies of the quantum harmonic oscillator'”

the states |n) = (%L are eigenstates of the Hamiltonian with energy E = nfw (up to the
overall constant). We can see why they’re called n-photon states: we expect from our earliest
interactions with wave-particle duality that n photons will have energy nhw and we see that
these n-photon states are labeled by non-negative integers. For this reason, we also call the
operator N = a'a the photon number operator, as its eigenstates are n-photon states |n) with
eigenvalue n.

To get a better sense of these states, let us discuss expectation values of various operators:

1. The mean photon number (N) = (n|ata|n) = n(n|n) = n.

2. The variance in the photon number in the Fock state |n) is (AN)? = (N?) — (n)? =
This follows from the fact that for any operator function f(N) we have f(N)|n) =
and so (N2) = n?2.

f(n )

3. The mean electric field at any point, (E(r,t)), is zero since (n|a|n) = (n|af|n)* = 0.
Similarly, since the magnetic field is also a linear combination of a,a' its mean is also
Z€ero.

4. The variance in any component of the electric field is non-zero. Since the mean vanishes,
we have (AE;(r,t))? = (E%(r,t)) = (n| (E2(r)a’e 2%t 4 |&(r)|*(aal + ala) + E;2(r)a'?e*™?) |n).

10This footnote provides a short refresher on oscillator eigenstates. The quantum harmonic oscillator admits
a basis of states with well-defined photon number, known as Fock states, denoted |n). These states have an
exactly defined number of photons in the mode. For example, |0) contains zero photons and is referred to as
the vacuum state, while |1) is a state containing a single photon. The creation and annihilation operators act
on these Fock states by creating and destroying photons, with the algebraic rules:

aln)y =+vn|n—1) (4.2.6)
a'ny =vn+1|n+1). (4.2.7)

For example, the single photon Fock state is |1) = a' |0). Higher order Fock states can be created by applying
the creation operator multiple times. As a result, a Fock state with n photons is generally given by

In) = (?/T% |0) . (4.2.8)
Fock states are often discussed in the context of the number operator:
N =d'a. (4.2.9)
Specifically, Fock states |n) are eigenstates of n
Nin)=nln), n=0,1,2,... (4.2.10)

They also form an orthonormal basis for the so-called “Hilbert space” of a quantum oscillator mode:

(mln) =6bmn, Y _In)(n|=1. (4.2.11)
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The terms with a?, a™ give no contribution. The remain terms can be evaluated using
aa’ +ata = 2N + 1, leaving us with (AE;(r,t))? = (2n + 1)|&(r)]?.

5. Tt is useful to also talk about the quadrature variances. It is easy to see that (AX)? =
(AP)? =n+ 3.

The first two properties are expected from the name: an n-photon state should have a
well-defined number of photons n and so there should be zero variance around the mean n.
The electric field is less intuitive, and tells you already that the Fock state is not like the lasers
we work with in optics typically, that have a well-defined average, sinusoidally oscillating field.
The average field is zero, but its square is nonzero on average - representing a type of light
with a random electric field .

Importantly, the field variance is nonzero even for the ground state of the harmonic
oscillator, which has no photons in it! This nonzero variance in the absence of photons is
known as vacuum fluctuations (or zero-point fluctuations). It reflects the fact that the electric
field, like position in a harmonic oscillator, cannot be sharply defined in the ground state
due to the uncertainty principle. We highlight that this is a purely quantum phenomenon
with no classical analog: in classical electromagnetism, a field with zero amplitude has no
fluctuations and carries no energy. In contrast, the quantum vacuum is an active state, with
inevitable fluctuations which arise from quantum mechanical uncertainty. These vacuum
fluctuations play a central role in many phenomena in quantum and nonlinear optics. For
example, they act as the seed for spontaneous processes such as spontaneous emission and
parametric down-conversion, and set fundamental noise limits in optical measurements. More
broadly, they provide the background upon which nonlinear interactions generate nonclassical
states of light, such as squeezed and entangled states, which we will study in later sections.

4.2.2 Coherent states

Let us now discuss a class of states which are in some sense, the “most classical states” of the
electromagnetic field. These states have a well-defined expectation value of the electromagnetic
field which satisfies the classical Maxwell equations, and in the limit of a large enough number
of photons, has minimal relative fluctuations of the field relative to the average. In other
words, they represent a classical electromagnetic field with a small amount of quantum noise
on top, which can be thought of as vacuum fluctuations. These states are called coherent
states, are labeled |a) and can be defined in the following way:

la) = D(a)|0) = ™' ~"a|0), (4.2.12)

where D(«) is a unitary operator called the displacement operator. A useful way to calculate
expectation values is in terms of a Heisenberg picture. Although we are not explicitly referring

1Eor the n photon state, these properties can be understood by analogy to the harmonic oscillator in the
coordinate representation. We know that the electric field operator is like the p operator, and so we can talk
about the momentum wavefunctions of the oscillator eigenstates. You may be less familiar with the momentum
wavefunctions of the eigenstates, but they are the same as the position wavefunctions since the Hermite-Gaussian
polynomials are their own Fourier transform. Therefore, we can say there is a wavefunction whose square gives
the probability of measuring the electric field at each point and it is given by a Hermite-Gaussian.
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to time, since D(«) is unitary, we can talk about unitary as affecting a corresponding operator
transformation

a — Df(a)aD(a). (4.2.13)

The most standard way to evaluate this is using the so-called Campbell identity'?. The
Campbell identity applied in this context,with B = a, A = a*a — aal, states that

D(a)aD(a) = a + a. (4.2.15)

All higher-order terms in the series vanish. We see that the displacement operator indeed
displaces the annihilation operator. Let us now ask about some of the expectation values we
discussed before, but in reverse order. Let’s talk about fields, and then photon numbers. Let
us also ask about what happens when the coherent state freely evolves in time. If we have a
coherent state at time ¢t = 0, then at time ¢, the resulting state is

la(t)) = e7 N a) = 7N |q) = N D(a)|0). (4.2.16)
To evaluate this, we multiply by one:
la(t)) = e N q) = 7@ D(a)e@tN etV (), (4.2.17)
Using e~V geitN = ge~™! and N|0) = 0, we may write'?
la(t)) = D(ae™™")|0). (4.2.18)
Therefore the operator at time ¢ may be written as

a(t) = a + ae” ™", (4.2.19)

With this we may now straightforwardly compute various expectation values. Let’s start with
the ¢th component of the field. In this Heisenberg picture, this is computed as

(Bi(r,t)) = (E()a(t) + E*(r)al (t)) = (0|E(r)a(t) + £*(r)a’(1)]0). (4.2.20)

Importantly, the expectation value is taken with respect to the initial state, which can be
taken as zero if we treat a(t) as resulting from the combination of displacement and unitary
time evolution. Therefore the answer is immediately found to be

E(r)a(t)e™ ™t + £*(r)a*e™t, (4.2.21)

12The Campbell identity is a useful formula often used to evaluate unitary transformations in quantum
mechanics. Its statement is: consider two operators A and B and consider the quantity e”* Be™*. Then it is
given by
_ 1 1
e’Be™* =B +A,B] + o1l 1A Bl + 51 [A [A [A B+ (4.2.14)
A corollary of this identity is that if [A, B] = ¢l with I the identity, then e*Be™* = B +¢.
13As a reminder, in the Heisenberg picture, the free evolution of a, given by a(t) = UtaU with U = e H1t/"
is given by @ = %[hwafcu a] = —iwa = a(t) = e *“"a(0). Further, for any operator like D(a), we can see that

by expanding it in a Taylor series: D(a) = > %(aaf — aa)™, the Heisenberg evolution of such an operator

just amounts to replacing a — a(t) and a" — a'(2).
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This is finite and corresponds to a sinusoidal oscillation of the field, like you might imagine
classically. The variance is nonzero, and is given by

(AE(r, 1)) = |E(x)%, (4.2.22)

which is is time-independent, and exactly the same value as in the vacuum state. Similarly to
the Fock states, it is helpful to talk about the quadrature variances, which are easily found as
(AX)? = (AP)?2 =1/2.

The interpretation here is that the coherent state is a sinusoidal field with small vacuum
or zero-point fluctuations. It may be intuitively thought of as having the least amount of
noise possible (but this is not exactly right, as it is possible to find states with field variances
below the value mentioned here).

Schrodinger picture description of coherent states

Let us also discuss the coherent state in its Fock representation (or equivalently, its energy
eigenbasis representation).

We saw previously that Fock states have peculiar statistical properties (such as zero average
electric field) which do not connect well to our classical conception of electromagnetism. It
is thus natural to wonder about what quantum state of light might behave like a classical
optical field. Such states are known as “coherent states,” which are the topic of this section.

The coherent state can be seen as resulting from a unitary transformation of the vacuum
state. We are then tasked with evaluating

o) = D(a)[0) = ™' —"a|0), (4.2.23)

The simplest way to do this is to note that the transformation D(a)aD(a) = a + a implies
that the coherent state is an eigenstate of the annihilation operator. To see this, consider

ala) = DD'aD|0) = D(a + @)|0) = ala). (4.2.24)

If we express an eigenstate of the annihilation operator in the energy / photon number
eigenbasis, as

@) =Y caln), (4.2.25)
n=0

then the eigenstate condition implies

alay = epvnln—1) => eVt 1n) =a ) cnln), (4.2.26)
n=0 n=0 n=0

implying the recurrence relation c,4+; = \/%ch.Taking co = N with A/ a normalization

constant implies

I :N;‘B %In% (4.2.27)
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o0 2n
The normalization condition is [NV]? > % =1 which implies |N| = ezl This allows us
ol

n—
to write the coherent state in the Fock basis as

o) =e¢e 2 ny. 4.2.28
) n§o ﬁn!| ) ( )

Importantly, the coherent state is not an eigenstate of the Hamiltonian and is a superposition
of photon number states. The probability of finding the system to have n photons is

|Oz’2"

n!

P(n) = e loPE (4.2.29)
which is a Poisson distribution of mean (n) = |a|?. The variance of the photon number is
equal to the mean (and all cumulants of the photon number distribution generally are equal).

4.2.3 Squeezed states

We saw in the previous section that coherent states exhibit vacuum fluctuations: while they
have a nonzero mean electric field, their fluctuations are the same as those of the vacuum. In
particular, the uncertainty principle constrains the product of quadrature variances, fixing
a lower bound on how small the fluctuations can be. This naturally raises the question of
whether it is possible to reduce the fluctuations in one quadrature below the vacuum level, at
the expense of increased fluctuations in the conjugate quadrature. The class of states known
as squeezed states exhibits precisely this behavior.
To introduce squeezed states, we define the single-mode squeezing operator:

S(¢) =exp (;C*aQ — ;((aT)2> , (4.2.30)

where _
¢ =re? (4.2.31)

is the complex squeezing parameter. While this may seem unmotivated at the moment, we
note that this form of the squeezing operator arises naturally from common interactions in
nonlinear optics, such as parametric amplification in (2 media or four-wave mixing in y(*)
systems, where pairs of photons are created or annihilated. We will show this in greater detail
later.

A state known as the “squeezed vacuum” state is obtained by applying S({) to the vacuum:

€)= 5(€)10). (4.2.32)

A key property is that S(¢) performs a Bogoliubov transformation on the operators:
ST(¢)aS(¢) = acoshr — eal sinhr, (4.2.33)
ST(¢)a’ S(¢) = a' coshr — e~*asinhr. (4.2.34)

In what follows, we will write the transformation as

a — pa+ va', (4.2.35)
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where p = coshr,v = —e'®,
We now compute basic expectation values in the squeezed vacuum state. First, the mean
field vanishes:

(a) = {ClalC) (4.2.36)
= (0] 5%(¢) aS(¢) 10) (4.2.37)
= (0] pa + va' 0) = 0, (4.2.38)
and similarly
(a') = 0. (4.2.39)

This implies that any quadrature has mean value zero and therefore the electric and magnetic
fields are also on average zero.
The mean photon number can be computed by explicitly using |¢) = S(¢) |0):

(n) = (¢lalal¢) (4.2.40)
= (0] 57(¢) ala S(¢) 10) (4.2.41)
= (0| (u*at + v*a)(na + va') |0) (4.2.42)
= |v|? = sinh?r. (4.2.43)

This is not zero, which is to be expected since the squeezed state is not a Hamiltonian
eigenstate and thus must be a superposition of different photon number states. When r > 1,
we see that the number of photons goes like €2” /4 indicating a type of exponential gain'?.

Let us now look at the quadrature variances associated with the squeezed state. The

variance
2 1 1y ,—16 * f * 0 2
(AXp)? = 5 (0] ((MH vae™® + (pat + v*a)e ) 10) (4.2.44)

1 . . . . 2

=5 (0] ((,ue_w + v e)a + (ure? + Z/e_le)af) |0) (4.2.45)
1 ‘ 2

=5 e 4 el (4.2.46)
1 . o2

=3 coshre ™ — sinh e~ (4.2.47)
1 , 2

=5 coshre™™ — sinhret| | (4.2.48)

where I have defined ) = 0 — ¢/2.

Let us consider the quadrature angle 6 that maximizes and minimizes the variance. Since
the complex exponentials have magnitude one, the maximum and minimum values correspond
to

(AXp); =%ez’",(AXe)2 =l (4.2.49)

max min 2

141t is no accident that this looks very similar to the intensity of what is generated by a parametric amplifier.
In fact, you may remember when we studied the degenerate parametric amplifier, we found a classical field
transformation of the form A(0) — A(0) coshr + A*(0)e™® sinhr. We also found that the intensity for large r
goes like %" /4. The Bogoliubov transformation is exactly the linear operator transformation corresponding to
this classical transformation and it would therefore should not surprise you that the way to produce a squeezed
state is by sending vacuum into a degenerate parametric amplifier!
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The angles that lead to minimum and maximum variance are separated by 7/2 and thus have

the property that
1
2. == (4.2.50)

min — 4

(AXg)?ax (AXo)

max

Compared to the vacuum state and the coherent state, the variance along some quadratures
are reduced relative to the vacuum level at the expense of enhanced fluctuations in other
quadratures. This is the defining property of squeezing. The reduced variance in a particular
quadrature enables stronger sensitivity in metrology when we are measuring a weak signal
which is encoded in that particular quadrature. The property of having a variance which
is reduced compared to the vacuum level is a quantum mechanical effect and cannot be
reproduced by any classical random electromagnetic field.

So far, we have considered squeezed states generated from acting the squeezing operator
S(¢) on the vacuum state. These states have zero mean fields, but nonzero variances as we
have just described. More generally, one can consider a larger family of squeezed states which
are obtained by displacing squeezed vacuum states.

Thie can be done by defining a displaced squeezed state:

la, () = D()S(¢) 0). (4.2.51)
Such a state has average properties given by the coherent displacement:
(a,Clala,¢) =, (a,¢lal|a, ) =, (4.2.52)

but retains the quadrature variance properties associated with the squeezed state. Such states
are sometimes referred to as “bright squeezed states” since they have a nonzero average field.
This is in contrast to squeezed vacuum states, which contain few photons on average.

4.2.4 (Optional) Derivation of Bogoliubov transformation on oscillator
operators

In this optional section, we derive the Bogoliubov transformation generated by the single-mode
squeezing operator. We begin with the definition:

1 1 4
S(¢) = exp <2§*a2 - 2((a*)2> , ¢ =re. (4.2.53)
We define: . )
G= §C*a2 — 5c(aT)Q, (4.2.54)
so that
S(¢) = e“. (4.2.55)
Our objective is to compute a transformation of the annihilation operator:
ST aS(C) =e %ae’. (4.2.56)
We will use the BCH expansion,
e “ae” =a+a, G|+ 5[[a, G|, G+ g[[[a, G|, G|, G] +--- (4.2.57)
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We first compute the needed commutators. Using [a,al] = 1,

[a, a2] =0,
and
[a, (a")?] = [a,a']a’ + a[a, o]
=af + al
=24,
Therefore,
0.G] = |a, 3¢"a? — S¢(al)’
= $Cla,a?] — 5Cla, (@)’
— —CaT
Next,
[[Q, G]? G} = [_CQT7 G]
= _C[CLT’ G]
Now
[af, (a")?] = 0,
and
[a",0?] = [a', ala + ala,
=—a—a
—2a.
So
af,6] = |af, 5¢a? — J(al)?
= $Clata? - 5la, (o))
= —("a.
Hence
([a, G, G] = [¢[a.

Continuing once more,

[[[CL, G]vG]7G] = HC|2a7 G]
= [¢Pla, G
= Pl
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(4.2.71)
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(4.2.73)
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(4.2.76)
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The pattern is now clear:

odd nested commutators o a, (4.2.78)

even nested commutators  a. (4.2.79)

Substituting into the BCH series gives

2 2 4
S SN (9 SO (4 P (S L
e Vae” =a—Ca' + T AT @ + T (4.2.80)
_ ¢ el ¢1%¢ |, I¢I*¢ ;
Writing ¢ = re’® with || = r, this becomes
- r2 A . R
eGaeG:<1+2!+4!+--->a—6¢(r—|—3!—|—5!—|—--->aT (4.2.82)
= acoshr — ¢al sinhr. (4.2.83)
Thus,
ST(¢)a S(¢) = acoshr — eal sinhr. (4.2.84)

Taking the Hermitian conjugate gives the companion relation
ST(¢)a S(¢) = a' coshr — e"*asinhr. (4.2.85)

This is the Bogoliubov transformation associated with single-mode squeezing. This mixing
of creation and annihilation operators is typical of nonlinear optical interactions, as we will
continue to see in later sections.

4.3 Scattering and attenuation of light

Thus far, we have studied quantum states in isolation of all other influences. In other words,
we constructed different quantum states of light (Fock states, coherent states, squeezed states)
and analyzed their properties and the only dynamics we considered was their evolution under
the Hamiltonian. In this section, we consider what happens when quantum light undergoes
a beamsplitting operation. Although this sounds very specific, it turns out an analysis of a
beamsplitter provides a general quantum-mechanically consistent framework for describing
the attenuation of light, which, if done naively, violates the laws of quantum mechanics! The
beamsplitter has some other beautiful and important properties. For example, it implements
the displacement operation, and it also tells us that certain types of intricate quantum
correlations such as squeezing are degraded by attenuation, which illustrates one of the central
problems in the productive application of quantum optics. The beamsplitter analysis also
immediately furnishes a theory of reflection and transmission.

In classical optics, it is common to model the behavior of a beamsplitter as a linear
transformation between input and output fields. In particular, if a2 are the complex electric
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fields at the inputs, and (1 2 are the complex electric fields at the outputs, then we can write!®:

<g;> - <2f’ ji) (Z;>' (4.3.1)

Here, r and t are complex reflection and transmission coefficients. The classical power between
the two ports must be conserved. This puts a constraint on the values of the reflection and
transmission coefficients. In particular, the matrix which transforms the fields must be unitary.
This means

¥ rE _ . 2 2 __gfn¥ t*
?"* zt* T it _ |tl + |7”‘ . zt72“ + zt27“ (L0, (4.3.2)
—itr —r it —r wrr —utr 1t + |r| 0 1

The two independent equations that r and ¢ must satisfy are thus:

7?2+ 12 =1 (4.3.3)
rt* —r*t =0. (4.3.4)

The first constraint comes directly from power conservation, while the second can be seen
a reciprocity condition. The exact values of r and ¢ depend on the details of the physical
implementation. If the beamsplitter consists of interfaces between different dielectric layers,
then they can be found by solving a boundary condition problem for the fields in various
layers.

Now we see that the beamsplitter induces a linear transformation on the classical fields.
We may thus expect that this is also a valid operator transformation in the Heisenberg sense.
In other words, we may think of a1, as as input field operators which get transformed by the
beamsplitter to output field operators b; and by. Importantly, if the transformation is to be a
valid Heisenberg transformation, then it must conserve all the relevant commutators. In other
words, if [a;, a}] = 0;; then [b bi] = dij. Let us denote the matrix relating (a1, a2) to (b1, b2)

i? ]
as S such that
b1\ o f(m
() =5 (). 4ss

[bi, b;] = [Sﬂal + S;iza9, S;laJ{ + S;Qag] = SﬂSjl + Si25;2 = (5” (4.3.6)

Then we may evaluate

In other words, the ¢ and j rows must be orthonormal vectors, implying that S is unitary.
Therefore, we may say that our beamsplitter, in the Heisenberg picture, implements a unitary
matrix on the input operators and maps them to output operators. Let us now explore some
of the consequences of this simple relationship.

4.3.1 Displacement operator

Let us consider a situation in which there is a quantum state incident on a first port described
by annihilation operator a; while in the second port we have a coherent state |«) incident on

15There are multiple valid conventions for the S-matrix. I am using the one in Waves and Fields in
Optoelectronics by Haus.
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the second port described by operator as. For a strong coherent state in the second mode, we
know that

as = a + dasg, (437)

where day represents the Heisenberg operator prior to displacement '°. When taking expec-
tation values involving ag they are now to be taken against the vacuum state (while they
would have been taken against the coherent state had we simply worked with as). Now,
let us consider the case when [t|> < 1 and [ta| > 1 (meaning that the number of photons
transmitted from port 2 is much larger than one). Then we may write

by = —raj +it(a + dag). (4.3.8)

Since |r| =~ 1 and |t| < 1, we see that in general tdas will have negligible contribution to
expectation values when ¢t — 0. Therefore, we may approximate

by ~ 1 —ray, (4.3.9)

where 8 = ita;. Thus, we see that a; is displaced, up to an overall phase. In particular,
taking r = |r|e’® and approximating |r| = 1, we have

b ~ B — e%ay. (4.3.10)

We thus see that the beamsplitter acts as the displacement operator!

4.3.2 Beamsplitter as attenuation

Consider the case in which the first port has a state |¢) incident on it and the second port
has nothing incident on it. Quantum mechanics tells us that nothing does not really exist,
and that we should think of the second port as having |0) incident on it. Let us compute how
expectation values of various operators change as a result of this. Consider first the photon
number operator

biby) = ((—r*al — it*al)(—ray + ita)) = |r|*(alar). (4.3.11)

This is exactly what we intuitively expect. The energy incident in the first port is attenuated
to a factor |r|?. Quadrature operators in their expectation values also transform roughly in
the way you expect

hre— 0 bT 0 1 ‘ A
16\/;16> ) (‘mle_w - 7“*@16“9) = —|rl(Xo—g.im),  (4.3.12)

where we have written r = |r|e’” and used the notations “in” and “out” to denote which
operators are computed before and after the beamsplitter, respectively. There is a rotation of
the quadrature which depends on the complex phase of the reflection coefficient.

(Xoou) = {

1The notation & seems a bit odd at this point. We will make further use of it. But you should think of it as
saying: the operator can be seen as mostly a c-number plus a quantum noise associated with the vacuum state.
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Thus far, the fact that vacuum is incident on the second port of the beamsplitter has not
worked its way in at all, and that is rather intuitive. Perhaps less intuitive is what happens
to quadrature variances. Let us consider the expectation value of

1 , .
(XF ) = 5 (B + b2 + b16] +b]b ) ). (4.3.13)

The first term is —%rz(a%>e_2i9, while the second term is —%r*2<a§2>62i9. The third and fourth

terms are most quickly evaluated by expressing their sum as 2<b§b1> +1= 2|T’2<CLJ{CL1> + 1.

We may now write the variance as
r|? 9i(h_ . 1
(AXgou)? = ’2| (<a§>e 20=9) 4 (a]?)e(0=9) +2<a{a1>) 5 = P Xomgm)®. (43.14)

To get this into a cleaner form, we note that

a%e_%(e_‘b) + a?e‘ﬂi(e—‘b) + 2aJ{a1 +1
2 M

XG gin = (4.3.15)

which allows us to write
1
(AXgout)” = |1 (AXp_pin)® + 5\15\2, (4.3.16)

where I have used |r|? + [t|* = 1. Naively, one might have expected that the attenuation by r
would merely scale the quadrature variance by |r|? but we see that there is an other term
which appears. This term makes the limit of |r| — 0 physically sensible. For example, in
the limit of complete attenuation, we expect to get vacuum which has variance of 1/2 in any
quadrature. This is precisely what happens! If we did not include this term, we would have
violated the uncertainty principle because we would have AXpA Xy, /9 < 1/2.

An interesting consequence of this expression is the degradation of squeezing. Suppose
without loss of generality that the reflection phase is ¢ = 0 and we have light whose 6
quadrature is squeezed such that (AX@JH)2 = %e with € < 1. Then

1
(AXpou)® = 5 (Irf*e + 1) (4.3.17)
The squeezing factor after the beamsplitter is
e+ tP(1—€) > ¢ (4.3.18)

indicating that the squeezing is degraded. This turns out to be one of the most pernicious
constraints towards using squeezed states for precision metrology. Any time we lose some of
it, to anything, we are less able to exploit them for metrological gain! And loss is everywhere.

We have implemented attenuation using a beamsplitter. That said, it seems reasonable on
physical grounds that absorptive loss could be seen in a similar way: by saying a portion of
vacuum is mixed in. It turns out that a rigorous theory of absorptive loss does show that it
can be treated by a beamsplitter approach, making this one of the most important models in
quantum optics!
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Before concluding, we also discuss the influence of a beamsplitter on photon number
fluctuations. To evaluate it, we need to consider the second moment of the photon number at
the output:

ngut = biblbibl = bJ{bJ{blbl + bJ{bL (4.3.19)
The expectation value of the quartic term is given by
(bIbIb1b1) = [r|*(al’a?) = [r]*(a](ara] — 1)az). (4.3.20)
Therefore
(b1brbbr) = [r[*n) + [t (). (4.3.21)

The variance then follows as
(Anous)? = 7] (Anim)? + (|72 = |7|*) (1in).- (4.3.22)
Noting that the fractional intensity output is £ = |r|?, we may write the result as
(Angut)? = 2(Anin)? + £(1 — £)(n4y). (4.3.23)

In the limit of large attenuation ¢ — 0, the variance becomes approximately ¢(ni,) = (nout)
which corresponds to a Poissonian distribution of photons at the output.

This result (as well as the result for quadrature variances) depends critically on incorporat-
ing the second port. It is not entirely obvious from the derivation, but suppose we had assumed
the mapping b; = —ra;. In this case, the output commutator would be [bl,bi] =r? #1
for general r. Of course, this violates quantum mechanics (as it implies that we can have a
product of quadrature variances below 1/2). But, taking this result, and doing the calculation
consistently, one would find (n2,) = |r|*(n2) — [r[*(nim) + |r|*(nin) = |r|*(n2). The last
term arises from writing bible{bl = b{biblbl + |T|2bJ{b1 which comes from the use of the
(incorrect!) commutator. The (incorrect) result which is obtained is what one would get if
attenuation were deterministic. In other words, if loss mapped the photon number n to |r|?n
in a deterministic fashion, then the variance of the photon number would indeed just scale by
|r|*. Of course, this is not how scattering works. There is a probability of scattering |r|? and
this is enough to recover the correct result. Additionally, you see from the quantization of
light into photons that a deterministic scattering map of the type n — |r|?n is inconsistent
with photons appearing in integer amounts. The intuition that is often stated in quantum
optics is that the beamsplitter feeds vacuum fluctuations in from the empty port in a way that
preserves commutation relations. Indeed you see without the second port, the commutator
would break (at which point we should have not calculated anything further) and we would
violate the uncertainty principle. You are encouraged to convince yourself that the result we
obtained for quadrature variances also would have not been obtained if we had take by = —ra;.

4.3.3 Homodyne detection

We now turn to the question of how one can experimentally access the statistical properties of
a state of light, particularly in the quantum regime. For example, we may wish to characterize
quantities such as the quadrature variances of a weak quantum state, such as a squeezed
vacuum state. Unlike photon number, these observables are phase-sensitive, and therefore
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require a measurement scheme capable of distinguishing between different quadratures (e.g.,
X vs. P). However, most photodetectors naturally measure intensity, not phase, suggesting
that some form of interferometric technique is required. In addition, states such as squeezed
vacuum may contain very few photons, making direct detection challenging. It is therefore
desirable to have a method that allows us to probe such weak states using measurements
involving large numbers of photons.

A powerful approach that addresses these challenges is homodyne detection. The basic
idea is to interfere the quantum state we wish to characterize (the signal) with a strong
reference beam of known phase, known as the local oscillator. By mixing the two fields on
a beamsplitter, the statistical properties of the signal are effectively transferred onto the
strong beam, enabling detection with high signal-to-noise. Furthermore, by varying the phase
of the local oscillator, one can control the relative phase between the two fields, allowing
phase-sensitive measurements that probe different quadratures of the signal state.

We now introduce the basic optical element underlying homodyne detection: a 50:50
beamsplitter. We denote the two input modes by a; and ag, and the two output modes by b;
and bs. The beamsplitter mixes the input fields linearly, and in the convention used here the

transformation is
bty 1 (=1 al
()= 5) ) a2l

Equivalently, the output operators are

by = (—al + iag) , (4.3.25)

Hg\H
[\

by = E (a1 — ag) . (4.3.26)

Since this transformation is unitary, it preserves the bosonic commutation relations. For
example,

[bi, 1] = 65;. (4.3.27)

ia]

The corresponding output photon number operators are
Ny, = bJ{bl, Ny, = b;bQ. (4.3.28)

Using the beamsplitter relations, these become

1
np, = 5(—(1} —iad)(—ay + iag) (4.3.29)
1
=5 (a]ial — ia]{ag + iagal + a%@) , (4.3.30)
and
LYG B Ly
Npy = 5(—m1 —ab)(ia; — az) (4.3.31)
1
=3 ( J{al + ia{ag - z'a;al + a£a2> . (4.3.32)
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It is especially useful to consider the sum and difference of the two output photocurrents.
The sum is

Ny, + Np, = aial + a;ag, (4.3.33)

so the total photon number is conserved by the beamsplitter.
The difference is

Ny, — Ny = 1 (a£a1 - a];a2> . (4.3.34)

This operator will play a central role in homodyne detection. It shows that the difference
signal at the two outputs is sensitive not simply to the intensity in one input mode alone, but
to the interference between the two input fields.

At this stage we keep both input modes completely general. Later, one of these inputs will
be taken to be a reference field (the local oscillator), and this will allow the output difference
signal to probe specific field quadratures of the other mode.

We now assume that input mode as is prepared in a coherent state and serves as the local
oscillator:

az laro) = aro laro) , Lo = ]aLo]ew, (4.3.35)

while a; is the signal mode and may be in an arbitrary quantum state.
From the previous section, the difference photocurrent operator is

I_=ny, —np, =1 (agal - aJ{a2> . (4.3.36)

Taking the expectation value over the local-oscillator mode gives
(I_y=1 <a;a1 - aJ{a2> (4.3.37)
=i (a;:o<a1> - aLo(aD) . (4.3.38)

We define the signal quadrature in the standard form

Xy = (ale_i¢ + aJ{ei‘z’) . (4.3.39)

1
V2
Using aro = |apole?, we obtain

(1) = ilavol (¢ (ar) — ¢ (a])) (4.3.40)
= V2|aro| (Xgin/2)- (4.3.41)

Thus, the mean difference current directly measures the quadrature of the signal mode
shifted by 7/2 relative to the local-oscillator phase in this beamsplitter convention. Equiv-
alently, one may write the measured quadrature as Xy_, /o after a redefinition of the local-
oscillator phase origin.

It is also useful to write this at the operator level. Since the local oscillator is in a coherent
state, we may write

as = a0 + da, (4.3.42)
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where da describes the residual fluctuations of the local oscillator, with

(0a) =0, (6a’da) =0, (6ada’y = 1. (4.3.43)
Substituting into the difference current gives
I_ =i [(afo + da")a; — aJ{(aLo + 5&)} (4.3.44)
=1 (afoal - aLoaD +i <5aTa1 - a{éa) (4.3.45)
= V2 |aro Xoyrsa ti <5aTa1 - a{éa) . (4.3.46)

Therefore, in the limit of a strong local oscillator, |ar,o| > 1, the first term dominates and
I_ =~ V2|oro| Xpin)o- (4.3.47)

This is the basic principle of homodyne detection: by changing the phase 6 of the local
oscillator, one selects which signal quadrature is measured.
We now compute the mean and variance of the difference current more explicitly. The

mean is
(1) = V20| (Xpir/a). (4.3.48)
For the variance, write
(AT_)? = (I*) — (I_)2 (4.3.49)
Using
I_ =+2]aLo| Xogrso+i (&LTal - aiéa) , (4.3.50)

and the fact that the signal and local-oscillator modes are independent, the cross terms vanish
upon taking expectation values. Therefore,

(ALY = 2larol (AXpins2) + <[i(5aTa1 - aJ{(Sa)]2> . (4.3.51)

The second term is
<[i(5aTa1 _ aiaa)r> — (ala1)(asa’) (4.3.52)
= (alay), (4.3.53)

since all other terms vanish for a coherent-state fluctuation mode da.
Thus the exact variance is

(AIL)? = 2|aL0[*(AXgsr/2)? + (a]ar). (4.3.54)
In the strong-local-oscillator limit, the first term dominates, and one obtains
(AIZ)? = 2oLo (AXpyr/2)* (4.3.55)

So both the mean and the variance of the difference photocurrent are directly proportional
to the corresponding mean and variance of the selected signal quadrature. This is why
homodyne detection provides a direct experimental probe of quadrature statistics, including
squeezing.
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4.3.4 Sub shot-noise interferometry

As we know from elementary courses on waves, interferometry gives us a tool to measure
small changes in length by translating them to phase shifts that manifest as changes in the
intensity of light. We will perform a quantum analysis of an interferometer and show that
the resolvable phase shift is limited by vacuum fluctuations. Then we show that by using
squeezed states, the sensitivity can be enhanced.

Let us consider a Mach-Zehnder interferometer. Light enters one port of a 50/50 beam-
splitter with the other port being empty. The two arms undergo a relative phase shift ¢ and
are then recombined by another 50/50 beamsplitter. As we know quantum mechanically, the
empty port corresponds to vacuum being sent in, and we must keep track of this. Let the two
input arms have lowering operators ay, as. After passing through the beamsplitter, they are
mapped to

1 1

by = —= (—a1 +ia9) ,bo = — (ia1 — as) . 4.3.56
7 )b = s (ian — a2) (4.3.56)
Let us assume it is the second arm that experiences an additional phase shift, so that the
operators just before the second 50/50 beamsplitter may be written as

1 , T —if

c1 = —=(—a1 +1iaz),co = —= (ia; —ag) e’

7 )= s (i — )
At the second 50/50 beamsplitter, the output operators in the first output port may be written
as

(4.3.57)

1 ) _i _L
ﬂ“‘““”ﬁ( NG

which may be simplified as

1 .
(—a1 + iag) +i— (ia; — agz) 610> , (4.3.58)

d —
' V2

dy = % <a1(1 —e ) —iay(1+ e_i0)> : (4.3.59)

The second output port operator may be written as

1 . 1 /.1 ) 1 . i
dy = 7 (icp —e2) = 7z (Z\/i (—a1 +iaz) — 7 (tag — ag) e 0> ) (4.3.60)

which may be similarly simplified as

dy = (—ml(1 +e ) 4 ag(e i — 1)) . (4.3.61)

N |

It is helpful to express the overall transformation in terms of an S matrix, which is found to

be:
_lf - e ) —i(l+e™) e sing — cosg
"7 <—i(1 +e ) (e —1) )T " \—cos? —sinl)’ (4.3.62)

It is easy to see from the trigonometric form that this transformation is unitary.
The photon numbers associated with the output ports may be written as

0 0 0 0
d}dl = sin® <2> a}al + cos? <2> CLECLQ —sin <2> cos <2> (aJ{ag + agal) (4.3.63)
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and
0 0 0 0
d;dg = cos? <2> ];al + sin® <2> gag + sin <2> cos <2> (a];ag + agal). (4.3.64)

Let us now consider the configuration of this interferometer a bit more carefully now. In
practice, the phase shift we are trying to measure is small. We would like our signal to be
zero when there is no phase shift and to increase from zero when the source of the phase shift
is present. This leads to two choices in operating this interferometer. The first is that we will
“bias” the interferometer so that in the absence of our source phase shift, there is a phase-shift
between the arms of 7/2, so the overall phase shift is 7/2 + #. Thus we make the mapping
¢ — 5 + 6 in the above expressions. When the phase shift is exactly m/2 (6 = 0) then we see
from the above photon-number expressions that classically, when the as port is empty, the
photon number in each arm is identical. Since we’d like the signal to increase from zero, we
subtract the two photon numbers. Therefore, we define our signal to be

S =dlid, — dids. (4.3.65)

Since 6 is small, we will expand around € = 0, in which case the signal is given by (to linear
order in 0)
S = G(aial — agag) — (aJ{aQ + agal) = H(aJ{al — agag) + C. (4.3.66)

The mean value of the signal in the empty port configuration is
(S) = 0(alay). (4.3.67)

The variance of the signal can be found quickly as follows. The expectation value of S? has a
term which is quadratic in 6, a term which is C?, and a cross term. The cross term makes no
contribution because the expectation values of operators linear and cubic in as vanish. The
62 term has a variance of HQA(aIal)Q which we will find is small'”. Taking the input field to
be a coherent state |«) with « real, X may be approximated via

C=~—alaz+ ag) = —V2aXo, (4.3.68)

where X is a quadrature operator corresponding to as. Therefore, the total variance may be
written as

(AS)? = 0%a” + 202 (A X0)?, (4.3.69)

which for the vacuum state may be written as (using (AXg)? = 1/2)
(AS)? = (1+6%)a* = o (4.3.70)

The variance comes entirely from vacuum fluctuations of the empty port, amplified by the
mean signall The measure of the signal-to-noise ratio of the measurement is given by the
relative variance

AS 11
® =8

1"This follows from the two input ports having no correlations, in which case the variance of the difference of
photon numbers is simply the sum of the variances plus twice the covariance.

(4.3.71)
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This tells us that the weaker the phase shift, the harder it is to see, but that by having many
photons, we can resolve it more easily. You can think of each photon as sampling the phase
corresponding to n trials of an experiment giving the expected y/n behavior. This 1/y/n
scaling is called the shot-noise limit and is the variance imposed by simply having the empty
port present.

The variance can be reduced by sending a squeezed vacuum state into the empty port.
We shall assume that sinh? 7 < |o|?: that the number of photons in the squeezed vacuum
field is far less than the number of photons in the coherent laser field (this in practice is more
than well-satisfied). Repeating the calculation for squeezed input under these approximations,
the mean signal is unchanged. The variance however becomes 2a?(AX()? (neglecting 6?).
Assuming that our squeezed vacuum is squeezed in the right quadrature, the variance becomes

a2e~ 2" and our relative variance becomes

AS_ 1 e’

(S) 0/’

corresponding to an enhancement in the signal-to-noise ratio for the same intensity. This
is a defining property of squeezed states and is what is currently used at advanced LIGO
to detect gravitational waves. Gravitational waves correspond to propagating distortions of
the spacetime metric which lead to changes in the distances between points in space. These
changes can be measured interferometrically by detecting the corresponding phase shift of light.
The main problem however is that these phase shifts are extraordinarily small. Therefore even
with high intensity inputs into the interferometer, the signal-to-noise ratio is insufficient to
resolve many different gravitational wave events. While one can always crank up the intensity
to get a better signal-to-noise ratio, in practice the interferometers have a maximum laser
intensity that they can handle. The injection of squeezed vacuum into the empty port gives
lower variance for the same intensity, mimicking an intensity enhanced by e”.

The principle of using squeezed vacuum can be used for any system which is limited by the
shot noise of light and these ideas are now being explored in microscopy, biological imaging,
and magnetometry, among other fields.

(4.3.72)
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Chapter 5

Quantum description of nonlinear
optics

In this unit, we will use the apparatus developed in this unit describe how nonlinear media
lead to the generation of quantum mechanical states of light such as entangled photons
and squeezed light. And we will conclude by illustrating how quantum light states allow
measurement sensitivities which can exceed what is possible classically. In this section, we will
make use of the more general theory of quantized electromagnetic fields in nonlinear media.

5.1 Heisenberg description of quantum nonlinear optics

As a first example, we will consider the process of parametric down conversion treated from
a quantum mechanical perspective. Relative to the classical treatment we pursued in Unit
2, the main new effects will be that (a) the presence of a pump can lead to the generation
of photon pairs!, some of which display quantum entanglement, and (b) squeezed states of
light can be generated. The single-mode squeezed states that we studied in Unit 4 may be
generated using degenerate parametric down conversion.

In what follows, we will consider a physical situation which is very similar to that which
we considered when analyzing parametric down-conversion / difference-frequency generation.
We consider a y(? nonlinear crystal of length L along some direction z and we illuminate
this crystal with a strong pump wave which propagates along the z direction. Unlike the
case of difference-frequency generation, we will not explicitly illuminate the crystal with any
lower-frequency fields (at frequency w;) that could combine with the pump to generate a
difference frequency (at frequency we = w3 — wy. Classically, if there are no w; or wo fields
then nothing happens. Quantum mechanically, zero-point fluctuations of the field provide
a fluctuating seed that can enable difference-frequency generation, manifesting as pairs of
photons.

The starting point for the quantum analysis is the Heisenberg equations of motion. In Unit
4, we showed that these were “simply” operator versions of the Maxwell equations. In what
follows, it will be helpful to track parts of the field with positive versus negative frequency (as

1We stated this was the photon picture of parametric down conversion in Unit 2, but could not prove this,
of course.
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was also the case classically). To do this, we introduce the so-called positive and negative
frequency parts of the electric field operator:

E(r,t) = EP(r,t) + EC)(r, ). (5.1.1)

The positive and negative frequency parts of the field operator are defined such that
rd
E®)(r,t) = /QweijE(i)(r,w). (5.1.2)
T
0

Let us now consider for example the Fourier component of the electric field operator at w

(associated with e=?). Tt follows from these definitions, and the operator Maxwell equations,
that: )
V x V x EM(r,w) — e(w) 5B (r,w) = pow?PH(r,w), (5.1.3)
c

where the positive frequency part of the polarization is defined similarly to the electric field.
This equation is complicated by the fact that ¢(w) a tensor and so the double curl is not
necessarily equal to the negative Laplacian. As we did in Unit 2, we assume weak anisotropy,
which allows us to write

2
- <V2 + s(w)c;) EM (r,w) = pow’PH(r,w). (5.1.4)

Physically, we know that phase-matching has a strong impact on which frequencies and
wavevectors of light get efficiently generated, and we have mentioned previously that this phase-
matching manifests in the quantum mechanical theory as energy-momentum conservation.
We thus expect that there is in general, for monochromatic plane-wave pumping, a narrow
range of frequencies that is efficiently generated by this parametric process. This allows us to
write

EM(r,w) = B[P (r,w) + B (1, w), (5.1.5)

where F1 o are operators with significant spectral weight only around special frequencies wy 2
associated with phase-matching. We will assume that the bandwidths Aw; 2 < w2 which
is often a reasonable approximation. Note that the assumption of In Unit 2, we mostly
concerned ourselves with the collinear case where the generated frequencies were parallel to
the pump wavevector. In the quantum case, we will consider the more general case in which
the generated fields are not parallel to the pump wavevector. This turns out to be important
for the generation of entangled photons. Therefore, we shall further Fourier transform the
field operators in space via

EM(ky,zw) =EM (ky, 2,w) + EY (k) 2,w). (5.1.6)

For each k|, since the spread in frequencies is small, we expect the spread in longitudinal
wavenumbers to be small as well, and so the overall spread of wavevectors is small. Therefore,
we expect there to be a relatively well-defined polarization vector. We therefore separate it
from the field operators as

EM(ky,z,w) = B (k1 2,w)én + B (k1 2, w)éan, (5.1.7)
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where k = (k_ , k;). We can use this decomposition that we have worked out to write equations
of motion for F o as follows. For Ey, we have

d? Nefr(W)w 2 .
<d22 + < H(c ) ) - ki) Eﬁ)(kbsz) = pow?éy x - PYF)(kL,z,w), (5.1.8)

where ngﬁ = €1k - €(w) - €1k, where I have taken real polarizations. We define k; ,(w) =

\/("efff:‘*’)‘*’>2 — k2 and write

d? R
(d2 + k ( )) E§+)(kiv 2 w) = :U’Ow2€1,k ) Pg+) (kLa Z)w)a (519)

We now make a slowly varying envelope approximation. We write
EM (), 2,w) = A (K, 2, w)eitr=0)z) (5.1.10)

and neglect terms associated with the second derivative of the slow operator. This turns the
left-hand side into

- <2ik17z(w1)azA§+)(kLz,w) + (B2 (w) — K2 (w1)) Agﬂ(kbz,w)) . (5.1.11)

This of course is the same type of structure we ran into when deriving pulse propagation
equations. We may now expand ki ,(w) around w;, writing

o0

kl,z( ) /{712 UJ1 Z 7' w — wl) . (5.1.12)

m=1

We may therefore write an envelope equation for a time-domain field fl(k 1,2,t) by taking
(w —w1) — i0;. The left-hand side of such an equation is

_ <2Z']§1,Z(w1)82/1§+)(k¢,z,t) + 2k 2 (w1) Z Z Bm

m=1

am )k, z,t)> . (5.1.13)

The polarization terms in the time-domain may be written as (in envelope form)
power s - P (kL 2, 8), (5.1.14)

and so putting everything together, we have

8. A (ky, 2, t) = i i BmamA( J(ky,zt) + e Pk, 2,1). (5.1.15)
z41q 14 — m t 154, 26002]{3172((.&}1) 1.k 1 1,%,0). 1.
This is a quantum mechanical version of the pulse-propagation equation in a nonlinear medium.
This is somewhat more general that we need for our analysis, but a similar equation will
come up later, and essentially follows immediately from the techniques we have developed
throughout the course. You may notice that this equation formally is identical to the classical
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equation, just with operators. That will be a theme of our explorations of quantum nonlinear
optics, and we will often exploit this to simply “write” a quantized version of an equation
based on the corresponding classical equation. This works particularly when operator ordering
ambiguity is not present (which occurs when we have linear equations in a field and its
conjugate). Despite this, it is in your instructor’s view remarkable that replacing the classical
field amplitudes by operators for these classically derived equations is consistent with the
canonical commutation relations!

5.2 Parametric down-conversion in a bulk crystal

Let us now analyze a relatively simple case of parametric down-conversion in which the
pump is a monochromatic plane-wave propagating along the z-direction, and so dispersion is
negligible. This case, which maps to the classical case we considered in Unit 2, allows us to
drop the time-variable, treating the fields as being in a steady-state at the exit of the crystal®.
We are left with
0, A (ky | 2, t) = e - P (ky 1,20 1), (5.2.1)

where I have taken k| — k; | in order to remind us that we’re taking about the w; field.

We now consider the polarization. In order to proceed, we note that the pump field has
many photons in it, and that it is negligibly depleted by parametric generation. In this case, it
is clear that the quantum fluctuations of this field are not important: it is the strong average
field which generates the photon pairs, not the weak fluctuations. Therefore, we write our
electric field operator as®

EG (r, 1) - (Ageikwiwstgg + c.c.) +E®)(r, 1), (5.2.2)

where I have defined the wavevector and frequency of the pump to be k3, ws in keeping with
the notation from our classical treatment. The term Egr)(r, t) represents the “quantum” part
of the field operator, and should be understood as representing everything but the strong
classical oscillation. Therefore the number of photons per unit time associated with this field
is much smaller than that associated with the classical pump part. The polarization can be
written as

Py(r,t) = cox\( Ei(r, ) By(x, 1). (5.2.3)

Clearly, the leading-order operator behavior comes from terms linear in the strong classical
pump. Since we are looking at the equation of motion for Agﬂ which corresponds to an e~1t
oscillation, it is clear that the only way to get the frequencies on the left and right-hand sides
to work out is if we take Aze’®3Twstes from the classical field and consider only the negative

frequency part of the quantized field near frequency wo. Defining

_ Pk, dw ik ot
E( >(r,t):/(27r)§2ﬂE< )k, z,w)e kLptivt (5.2.4)

2If this sits uncomfortably with you, note that one can also get the same equation by going into the
co-moving frame at the group velocity of the field and dropping second- and higher-order dispersion.

3Technically, this constitutes a redefinition of the field operator. It is analogous to writing a — a + « when
transforming with the displacement operator.
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and defining envelopes an analogous way, it is straightforward to show

. 2iw?deog Az ~(— :

0. A (ky 1, 2, w) = S A (kg | — Ky 1, 2, w5 — w)elRe7, (5.2.5)
) c2k;17z(w]_) ) )

with Ak, = k3, — k2 .(w2) — k1,2(w1). This equation is more or less identical to the one we

encountered for difference frequency generation, just with operators. But the equation is

linear and so its solution is the same. We may immediately write that for z = L we have

Agﬂ (k1,1,L,w) = <C0sh()\L) _ 1Ak, sinh()\L)> Agﬂ (k1,1,0,w)

2\
k1 . (=)
+ Y sinh(AL)A; (ko 1,0, w3 — w), (5.2.6)
where \2 = % As)? — % = K1K5 — % and k; = %. This is a so-called

two-mode Bogoliubov transformation. It is of the form a — pua + vbf. For the transformation
to be valid, it must preserve the commutation relations at *. Thus, we must check

1Ak,

2 2
1= ‘ <cosh()\L) - sinh(AL)) ‘ - ‘%‘ sinh?(AL)Re, (5.2.7)
[A(Q-H(kZ,J_70#’3*”):14%_)(kZ,J_vo»WS*W)}
(AT (1, 1,0.0), A0 (1, 1,0,0)]
To proceed, we need to evaluate this ratio. It is equal to”

where Ro = is a ratio of commutators.

Re = Mcostiwz (5.2.8)

N9 cos Oow

With this value, it is straightforward to show that the commutation relations are preserved.
With this derivation, we can convert Eq. I1.6 into a more standard form involving creation
and annihilation operators as

ar(ky 1, Lywr) = p(ky 1, wi)ar (ki 1, 0,w1) + vk L, wi)ab (ks 1, 0,03 — wi), (5.2.9)
with

1Ak, K1K3

)\2

p(ky, 1, wi) = cosh(AL) — sinh(AL),v(ky ,w1) =1 sinh(AL). (5.2.10)
where these operators are normalized such that [a(k,w), a'(K',w)] = (27)30(k — K')6(w — o).
The coefficients can be expressed in terms of k| 1,w; alone since the other wavevector and
frequency are determined. Further &, is determined by k| and w. It is somewhat inconvenient
to work with delta-function normalized operators since we are accustomed to working with
discretized operators. This however can be done straightforwardly by a box quantization type
argument. Defining ax, ., = Na(k,w) such that [ak, ., aL ] = 1 requires N? = % where
Aw is a small frequency separation between different allowed frequencies of light (technically

this is zero) and A is the area of a large box".

We should see the evolution from z = 0 to z = L as a Heisenberg transformation of operators. For it to
be valid, the transformation must be unitary, and any commutators proportional to the identity should be
preserved under the transformation.

To see this, Fourier transform the box quantized expression for the field operator.

5You see why the delta function approach can be nice: no need for the large box!
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5.2.1 Spontaneous parametric fluorescence

Using the discrete version of the operators, it is relatively easy to do two things now. One,
let us calculate how many photons are generated in parametric down conversion. It follows
immediately from our Bogoliubov transformation that the number of photons in “mode 1”
(defined to be the photons near frequency wj) is given by

=y R;’? W2(AL). (5.2.11)

ky,1,w1

Since k| ,w are effectively continuous, we may write them as integrals as follows

dzkzlL dw Hll€2
ny = AT/ @r)2 2r) A2 inh? (AL), (5.2.12)

where T is a quantization time (a time box, if you will) that sets Aw = 27 /T. We may
interpret ny /T as a rate of photons being generated, R. It is useful to also spectrally resolve
this rate, as we can always use a spectrometer to resolve these parametric photons by frequency.
Thus we write

dR d?ky L filli2
The quantity multiplying the area is proportional to intensity: dR hﬁl Ccllﬁ per unit frequency

(and is an intensive quantity), which we write as

2 2,.,2 72 2712 2,2 2712 2
1dh _ /d ki AfGRdilAsPL? ( fwlwgdeﬁw L>  (Ak.) L>’

hwl dw (27T)3 kLZ(kl,JJ w1)k27z(k27j_, W2>C4 k1,Zk2,ZC4 4
(5.2.14)

where I have defined sinhc z = sinh z/x.

The number of photons in the second set of modes can be found to be equal to n; (replacing
1 + 2 in the Bogoliubov transformation does not change the coefficient of the creation operator
part) which is expected based on the photon-pair picture of parametric down-conversion.
This also automatically implies that the Manley-Rowe relation we encountered in Unit 2
(U% — 01711 = 0) is satisfied. While this is all suggestive of the two-photon picture, we would like
to show more directly that the wavefunction has a sum of photon pairs. To do this, we note
that the transformation a — pa + vb' corresponds to a unitary

U = exp [gaTbT _ g*ab} , (5.2.15)

where ¢ = re'®, i = coshr, v = e*®sinh . There is one such unitary per pair of photon modes
generated, and so we can write the wavefunction after parametric generation as

) = ) exp [ch,wag,wbikm) ) — G wb i (s | 10). (5.2.16)
kL,UJ

If the nonlinearity is weak such that the expected number of photons is much less than 1,
then we may approximate this as

) 2 10) + D Gy wllie, wlok (w—w))- (5.2.17)
kJ_,w
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This shows that the wavefunction is a superposition of vacuum and a bunch of photon
pairs whose amplitude depend on the phase-matching condition and satisfy exact transverse
momentum and energy conservation. The peak pair amplitude occurs when phase-matching
is satisfied. This calculation therefore establishes the photon picture of parametric generation
that we have stated in our classical treatment of the subject. We conclude this section by
noting that this effect is usually called parametric fluorescence and corresponds to a low flux
of photon pairs emanating from the system”.

Generation of entangled photons

The photons emitted in spontaneous parametric down-conversion have quantum correlations
known as entanglement. Entanglement occurs when a wavefunction cannot be separated
into a product of wavefunctions |11 2) # |¢1)|p2) for some single-channel states ¢1, 2. The
correlation structure is tied into the physics of phase-matching in a direct and beautiful way
that we will explore here. Let us consider the limit in which nonlinearity is weak and we do
not generate too many pairs at once. We will also focus on the case of degenerate parametric
down-conversion. In that case we have the intensity of a pair of photons at ki1, koso where
s1,2 = 0, e denotes the polarization state, is directly proportional to

1
sinc? (2(Akz)L> : (5.2.18)
where
Ak, = kp,z - kl,z - k2,za (5219)
with
w2
kie = \[ 12, (wi, 0)— — k7, (5.2.20)
C

where s; is the polarization state of photon i. For a given c-axis orientation of a crystal
(B-BBO is one of the most common for SPDC), one can plot the in-plane wavevectors k., ky
which lead to phase matching. The structure of this zero-mismatch contour for Type-I and
Type-II phase matching is quite different. In the Type-I case for BBO (which is negative
uniaxial) e — o, 0, the contour is a circle centered around k,, k, = 0 and so our wavefunction
is a superposition of pairs of the form

a‘lr{L,oaT—kL,OM)) = ‘k07 _k0> (5221)

This state is separable and does not have entanglement (although once we consider the
possibility of non-degenerate down-conversion there is spectral entanglement). In the type-II
case however (e — e + 0), the contour of angles for the extraordinary photon and ordinary
photon are different due to the asymmetry of positive and negative angle with respect to
the z axis (for general ¢ axis orientations). We can think of there being one cone of angles
corresponding to extraordinary polarized photons and one cone corresponding to ordinary
polarized photons. They intersect at two wavevectors k,k Where they intersect, there is

"In principle it is possible to have many pairs emanate if the pump is sufficiently strong: this generates
something called bright squeezed vacuum, not to be confused with displaced squeezed vacuum.
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polarization entanglement. In particular, we see that there is a contribution to the overall
photon state of the form

W) ~af .l 0y +af jaly L10) = ke, —ko) + |ko, —ke), (5.2.22)

which corresponds to a so-called polarization-entangled state. It has the following property.
Let’s say I spatially filter out the two paths corresponding to k, —k in the far-field. Then
if I measure the photon at only k, it has a 50% probability of being either e or o polarized.
Meanwhile, if I measure the photon at k and find e polarization, the other photon in the
—k path is always o polarized. These types of correlations are non-classical and have proven
useful for a variety of applications from quantum key distribution to quantum computation.

Heralded photons

Although the type-I case seems less useful, it can be used as a source for so-called heralded
single photons. Let us imagine the following thought experiment. Suppose that we have the
state ko, —ko) and we measure a photon in the —k path using a single-photon detector that
clicks when a photon hits it. Because these two photons are identical in their properties, it
is the case that I will know exactly when the undetected photon will arrive at some point
downstream on its path. This assumes the photons have some localization in time, but that is
a reasonable assumption once we take finite pump bandwidth and phase-matching physics
into account. This is considered a photon “on demand” and is useful when one wants photons
at controlled times with controlled properties for experiments.

5.2.2 Generation of squeezed states by degenerate parametric down-conversion

We see that we have in principle a two-mode Bogoliubov transformation for each pair
(ki,1wi, ko | wa). This corresponds to a type of two-mode squeezing which leads to a reduced
variance in joint quadratures involving creation and annihilation operators of both modes.
Typically of more interest (because it is simpler to use) is single-mode squeezing. In Unit 4,
we wrote squeezing as a single-mode Bogoliubov transformation of the form a — pa + val.
Let us use the above treatment to anticipate when this happens. We wish to arrange things
such that k; = 0 allows for phase matching with w; = wy = w3/2. This can be done using
for example type-I phase-matching (e — 0,0) in a negative uniaxial crystal. If we assume
the phase-matching bandwidth is small, then the v coefficient will only be significant for the
mode concentrated around k| = 0,w = w3/2. Defining a = ag,, /2, we then have from Eq.
I1.9 (adapted to discrete operators) with Ak, =0

a — pa + va', with g = cosh AL, v = ie*? sinh AL, (5.2.23)

where we have written A = \A3|ei¢’. We note that in this simple case, this could have
also been obtained quite directly from the degenerate parametric amplifier. The classical
degenerate parametric amplifier with collinear waves has classical equations of motion

% _ inldeﬂASATe—iAkz; LA?’ — iw3deﬂA%eiAkz. (5‘2.24)
dz nic dz noc
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In the non-depleted pump approximation, we can treat As as constant, which yields in the
phase-matched case

Ay(L) = A1(0) cosh AL + ie™® A3(0) sinh AL, (5.2.25)
with A = %ﬂf“o)' and Az = | A3|e’® which agrees with the above reduction of the multimode
case. This is to be expected. However, it illustrates nicely the ideas of operator correspondence.
From this description, we further see that the quadrature variances are given by

2 1 —i0 _ i io|?
(AXp)* = 5 cosh(A\L)e ie'?sinh(AL)e"| | (5.2.26)
which has a minimum for 6 = —% — /4 and a maximum for § = —% + 7/4. The minimum
variance is %6_2/\L, which tells us that the squeezing goes exponentially in the length of

propagation and the nonlinearity. In practice, because nonlinearities tend to be weak, it can
be hard to get AL significant without significant intensities, which lead to other complications.

5.3 Squeezing in the optical parametric oscillator

An approach to getting squeezing with lower powers is to put the parametric crystal in a
cavity surrounded by two highly reflective mirrors. This is nothing other than the parametric
oscillator we discussed in Unit 2. This allows the parametrically generated light to make
multiple passes inside the cavity before it escapes. The way to think about this is with a
quantity called finesse, which roughly is “the number of bounces” before light significantly
leaks out. It is on the order of 1/T where T is the combined transmission coefficient of the
two mirrors. For example, if we only have 1% transmission per pass, you expect on the order
of 100 bounces, which is as if the second-order nonlinear crystal were 100 times longer. That’s
obviously helpful as it allows us to get away with a smaller pump power (which makes A
smaller). This makes the parametric amplifier a workhorse for squeezed light generation.

Let us work out the theory of squeezed light generation in the parametric oscillator. In
some sense, the analysis is quite similar. The basic unit of dynamics in the oscillator is a
round trip. In a round trip, light (1) passes through the parametric crystal, undergoing a
Bogoliubov transformation, (2) bounces off of the first mirror, (3) propagates backwards to
the second mirror (no parametric gain at this stage), and (4) bounces off of the second mirror.
In what follows, we will assume that the parametric gain is weak on a single-round trip level
which implies that v associated with a single pass satisfies |v|?> < 1. We will also assume
that the mirrors have high reflectivity and only transmit a small amount of the field in the
cavity, which we need in order to have high finesse. Importantly, transmission is loss from the
perspective of the intracavity light and so we need to make sure to account for the quantum
noise that is coupled in from outside of the cavity.

The assumption that all of these effects are weak will allow us to approximate each round
trip by a differential operator transformation. This allows us to write a differential equation
in time for the intracavity field. Beamsplitter-type relations will relate the intracavity field
operators to the output field operators that we observe directly. Let us proceed.

1. Propagation through the nonlinear crystal of length L leads to the transformation
a — pa + va' with g = cosh(AL) ~ 1 + 2(AL)? and v = ie’® sinh(AL) ~ ie’’\L.
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2. Reflection off of the first mirror, with complex scattering coefficients r1,¢;. The resulting
map is @ — —ria + it1bin,1 Where by, 1 is the field just outside of the mirror. The “in”
notation denotes that the b is an “input” field: it couples into the cavity. We may

approximate [r1| = /1 — [t1]2 & 1 — }[t;|? since by assumption [t]? < 1.

3. The backward pass we will assume does nothing. At this point I should mention that
the field should pick up a propagation phase of the form 2k.d after a round-trip. To
make life simple, I will assume that the resonance condition is met for the frequency we
are considering, and so 2k,d = 2mm with m an integer. We will also assume that the
reflection phases have already been taken into account in the resonance condition and
therefore treat all r,t as real.

4. The second reflection simply maps a — —raa + tt2bip 2.
The combined effect of these transformations for the sth round trip can be written as
(s — Gst1 = T1ToaGs + rlrgual — it172bin 1,5 + it2bin 2 s (5.3.1)
To get to a differential equation, we would like to compute

as41 — Qs

1 . .
= = ; ((7’17“2/1, — 1>CLS + rlrgval — Ztﬂ“gbin,LS + Zt2b1n7275> , (5.3.2)

where 7 is the round-trip time. Now, we will approximate this as
1 . . .
- ((T1T2 —1as + Z(AL)al — 1t1bin1,s + ztzbimg,s) , (5.3.3)

where we have used |rq 2| ~ 1 and neglected quadratic in AL terms since AL < 1. Let us take
r12 and t1 2 real. Using |rjo| =~ 1 — %]tl,g\Q, we get

1/ 1 , » |
o (‘2(|t1|2 + |tal®)as + i(AL)al — it1bin 1 + Zt2b1n7275> : (5.3.4)

It is standard to define the cavity decay rate ~v; = 4 and v = 71 + 72. We also define
g = iAL/7. This leaves us with

Qs+1 — Qs

1 1nls 1n25
N —— — —= 5.3.5
- 27a3+ga i/ NG + /72 e ( )

To proceed, we should try and understand these input fields a bit better. The basic idea is
that each time the cavity field sees the mirror, fresh vacuum is brought in. Clearly you expect
vacuum to have no correlations and so that vacuum modes associated with different round
trips are independent of each other. This can be expressed via the commutator

_I.
bin,i,s bin, j,s! 55,5’
[ J] = 5ij7. (5.3.6)

VEVE

Let us now convert this discrete difference equation into a differential equation. Formally, this
occurs through the limit 7 — 0 and is expected to be fine provided the operators a,a! don’t
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change too much over one round trip. This creates the replacements as — a(t), bini,s — bin,i(t)-
Let us perform a change in notation

bin,i(t)
\/;

We may now express the commutator in the 7 — 0 limit as

[bini(£), bl ; (£)] = 8;8(t — t'). (5.3.8)

— bm,i(t)- (5.3.7)

From now on, if we write by, it will imply delta-function commutator normalization unless
otherwise stated. Further defining Fy = —i,\/71bin1, Fo = i\/72bin 2 and F' = Fy + F5, we have

1
a= —5a +ga' + F. (5.3.9)

which is the form that we will work with for the remainder of our analysis of the optical
parametric oscillator. For completeness, we write also the equation of motion for af, given by

1
al = —§’yaT +g*a+ FT. (5.3.10)

This equation says that the time-evolution of the intracavity field is given by the combined
influence of loss, parametric gain, and in-coupling of vacuum from the outside of the cavity.
We see that this in-coupling is related to the decay which is no surprise given our treatment of
the beamsplitter. The notation F' is used for this term to make apparent that this term plays
the role of a Langevin force analogous to that of Brownian motion in statistical mechanics.
There is a zero mean driving term which adds a required noise to preserve commutation
relations®. We will refer to these terms as Langevin forces in what follows.

Before solving this equation, we should discuss the fields that emanate from the cavity.
Clearly, the only fields we can see are the ones outside of the cavity”’. It follows immediately
from the beamsplitter relations we developed that the output fields satisfy

it;
VT

This equation of motion for the intracavity field operator can be solved by standard
(Fourier) techniques. Fourier transforming, we have

bout,i(t) = —Tbin,i(t) + —=a(t) & —bini(t) + i/ia(t). (5.3.11)

—iwa(w) = —%va(w) + ga(—w)" + F(w)

—iwa(—w)l = —%'ya(—w)T + g a(w) + F(—w)T, (5.3.12)

where I have used [ dt ¢! A(w) = (A(—w))'. This matrix equation is solved by

(ﬂ?y) = ((;’Y—z‘wf - !9!2> R (%’Yg_* it évfi%) <F1(T—(Z))T) (5.3.13)

81n statistical mechanics, the analogue is that the Langevin force is needed to preserve for example the
equilibrium distribution and subsequent results such as the equipartition theorem. This connection between
fluctuation and dissipation is the so-called fluctuation-dissipation theorem. The addition of a Langevin term to
our cavity equation can be seen as a quantum-mechanical manifestation of the fluctuation-dissipation theorem.
9Tt is possible to probe intracavity fields, but this is not too important for what we are doing.

107



5.3.1 Squeezing of light outside of the cavity

As discussed previously, what we actually measure are the output fields, so let us compute
those. We will consider a slightly simpler situation in which the cavity is perfectly reflective
on one end, in which case there is only one output, taken without loss of generality to be the
“1” port. We will also, without loss of generality, take the pump phase such that g is real. A
different phase of ¢ just changes which quadrature gets squeezed, which you are encouraged
to check. We will go into Fourier domain, introducing frequency-domain input and output
operators with commutator

[bin (w), b ()] = 276 (w — ). (5.3.14)
The output field operator in frequency space is given by
bb(w) = iy/7a(w) — bin(w) = Xbb(w)bin(w) + XbbT (w)bin(—w)T, (5.3.15)
where ,
71 2 2
—1 T - 4 twtyg
()—zf( VL )>_1: - (5.3.16)
(g%—lw) -9 (571—%J) -9
and

W (w) = — ny (5.3.17)

(3m —iw)” —g?
The relevant observables to compute are understood as follows. You can think of the
output of the cavity as a one-dimensional transmission line that supports the propagation of
photons at any frequency. There is a time-dependent quadrature, which can be written as

Xp(t) = W. If we were to probe this light by homodyne detection, we would see

a time-dependent current i(¢) which is proportional to Xy(t). Typically we probe squeezing
by looking at the power spectral density of the current which is a measure of the variance
of an RF component of the current. This variance is proportional to a quantity we will call

Sg(X , the squeezing spectrum, which is a type of power spectral density over a quantity
X (w) = b(w)e ™ + b(—w)Te? via 1°:

SFX = (X (w)TX (w)). (5.3.18)
To evaluate this, let’s write

X (w) = (" (@)bin (@) + X" (@)bin(—w) e + (P (—w)bin(—w)t + X (—w)bia (w)) e
(5.3.19)
and regroup terms as

X(w) = (P ()e™ 4+ P (—w)e®)bin(w) + (P (@)™ + X (~w)e® )i (—w) . (5.3.20)

Assuming vacuum statistics for the input fields, it follows that the squeezing spectrum is given
by

SXX (w) = [ (@)e ™ + X (~w)e?| (5.3.21)

'We have dropped the overall factor of 1/2 here as squeezing is in any way a claim about a variance relative
to vacuum.
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For our particular system, we have

S

o —i6 ’Y1 60
_ ‘ Tge ™ + (G +w? + g?)e (5.3.22)
(Iy —iw)” - g2

The minimum and maximum of the squeezing spectra occur when 6 = 0, 7/2. The minimum
is for = 0 and the corresponding spectrum is

(B -g)

S , (5.3.23)
(% +9)° +?
while in the orthogonal quadrature, the spectrum is given as:
2 2
xx_ (3+9) +w (5.3.24)

These are reciprocals of each other: SX X SX/X = 1. Interestingly, we see that as g — 2L, the
squeezing spectrum goes to zero for § = 0, corresponding to infinite squeezing at w = 0, Whlle
the squeezing spectrum diverges for the orthogonal quadrature. Note that w is a frequency
relative to the carrier (our Heisenberg equations do not have the —iwga term associated with
the cavity resonance frequency). Therefore, the interpretation is that light coming out of the
cavity at the resonance frequency can have extremely large squeezing, and indeed the largest
squeezing levels created in the lab are using optical parametric oscillators.

The condition of g = % corresponds to the threshold for parametric oscillation. Recall
in Unit 2 we showed that when the gain in the OPO exceeds the cavity losses, we expect a
oscillating steady-state in the cavity. While if the gain is below the losses, the steady state
should be at zero amplitude (modulo quantum corrections from parametric fluorescence).
The bifurcation between decay and oscillation behaviors is at the threshold when the gain
equals the loss. The threshold should be re-examined for this case since in Unit 2 we had not
analyzed a degenerate oscillator directly''. Recall that the resonance condition is that the
fields reproduce themselves after a round-trip. Ignoring the Langevin terms, that condition,
following the logic of Eq. (II1.5) requires that the matrix

1 0 g
_5%_] + ( 0> (5.3.25)

is non-invertible, which requires a vanishing of the determinant:

71

L9 = lgl=2 (5.3.26)

2

Another way to see that this is the threshold is to look at the eigenvalues of the homogeneous
part of the linear system of equations (Eqgs. (II1.9) and (II1.10)) which shows that perturbations
grow without bound if g > ~1/2.

"That said, the condition can be found from our Unit 2 analysis by taking the relevant threshold to be for the
doubly-resonant case (AL = v/¢;£s) and taking both resonances to be the same so that { = 1—1r = %|t|2 = %717.
Taking AL = g7 then reproduces the same condition.
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5.3.2 Intracavity quadrature statistics

Although in practice we only have access to what’s outside of the cavity, it is instructive to
compute the intracavity light properties, and so we will start there. Our aim is to compute
quadrature variances:

(AX)? = %((a +ah)2), (AP) = —%((a —ah)), (5.3.27)

where I have used that the means vanish. The means vanish because they are proportional to
the input field, which is assumed to be in the vacuum state. Had we taken a coherent state
input, the mean would not vanish, as you expect (if I shine light into the cavity from the
outside, there will in general be a nonzero intracavity field).

Let’s start with X. This can be written in terms of the Fourier fields via

X(t) = / ;li;e—ith(w), (5.3.28)
where X (w) = % (a(w) 4+ a(—w)T). Therefore
(AX)? = ?;tgei(erw/)t(X(w)X(w’». (5.3.29)

Let us now consider the quantity (X (w)X (w’)) which is given by:

{ (X @)@ + T @F ) (TR + T @O FET) ) (5330)
where I have defined constants Y~ XXF multiplying the Langevin forces. Assuming the
input field to be vacuum, we have that the FF, F1F, and FTF! expectation values vanish
(as F' is proportional to an oscillator annihilation operator biy,). The remaining term is
(F(W)F(—w)) = ([F(w), F(=w)]) = 71 x 276(w + '), which follows from [bi, (w ),b:rn( N =
278(w — w'). We see then that

d
(AX)? = 71/ “EF ()X (—w). (5.3.31)
Using
1 Vl —iw+g 1 1
XF 2
X (w) =— = —= : (5.3.32)
\f(gfyl—zwf—g? V237 —iw—g
and .
; 1 smtiw+yg 1 1
K (—w) = — 12 — ==, (5.3.33)
\/§(§V1+zw) — 2 V23mtiw—g
we have J ) . L1
w 4!
(AX)? = 2/% : Rl ol SR TS (5.3.34)
(3m—9) +w 21 —9 e
The P variance follows immediately from its definition as
1 1
AP)? = - —. 5.3.35
aPP 3w (53.35)
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In this case, at threshold, we have that (AX)? — co and (AP)? — 1, corresponding only
to 3 dB of squeezing. This is very different from what happens outside of the cavity, where
the squeezing (in the X-like quadrature) diverges. The zeroing of the noise for the field at
the outside essentially comes from an interference of vacuum fluctuations reflecting off of the
outside of the cavity and light from the cavity escaping. The light from the cavity however

experiences no such interference.

5.4 Quantum noise dynamics in third-order nonlinear systems

At this stage, we have spent a considerable amount of time analyzing second-order nonlinearity.
It turns out that many of these phenomena can also be replicated by third-order nonlinear
systems. Mirroring the treatment of third-order systems we pursued in Unit 3, we will focus on
effects resulting from the intensity-dependent refractive index, taking fields whose interesting
spectral content is localized to some center frequency w;. This allows us to expand the
dispersion relation around this frequency, getting an ultrashort pulse propagation equation
like Eq. I1.15. Unlike the case we analyzed for the bulk crystal, we will content ourselves with
unidirectional propagation along a waveguide (we won’t worry about beam propagation here),
in which case, we may simply take E() (r,w) = E() (2, w). We will also assume all interesting
effects occur along only one polarization, in which case we may consider a scalar field E() (z,w).
It is useful to express this field in terms of an envelope via E(H)(z,w) = A (z,w)e* @z In
time-domain, we could write E(H)(z,t) = A (2, t)etw)z=wit and the total field operator is
written as

BE(z,t) = A (z t)ethwn)z—iwot L g(0)(5 p)emth(wi)ziont (5.4.1)
A very similar derivation to the classical case then yields the Heisenberg equation
_ o 'm—i-l/B N iw2 _
O.AD ) =S L Tmagm AD (5 4 L pH ). 5.4.2
1 (Z7 ) mzl m) t 1 (z7 )+ 26002]€(W1) 1 (Z, ) ( )

The relevant polarization at third-order is given by
P (z,1) = eox P E(2, 1), (5.4.3)

Since we are only interested in the part of the polarization near frequency w, we may take
only the terms in E3 that multiply e**(“1)2=w1t  Thoge terms are

(A7 DAD 0 AT (1) + AP (0 AT (2,0 A (2,0) + A7 (2,0 A0 (2,047 (2,1))

(5.4.4)
To simplify this, it is useful to have commutation relations for A (z,t) and A5 (2, #). We
will take this also as an opportunity to simplify and move to some more standard notation.
Clearly:

[AD) (2,1), AD (/1)) = [ED (2, 1), B (2, )] e~ k) =i (t=t), (5.4.5)

The electric field operator, in our quasi-1D, scalar case can be written as an expansion in
plane waves as

EW(z,t) =i / @5(@@@,061%1‘% (5.4.6)
Ak 27T
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where £(k) is a constant and a(k) is defined such that [a(k),al(k")] = 276(k — k'). The
constant £(k), neglecting group velocity dispersion, can be written as

hew (k)

g(k) - 260712147

(5.4.7)
with n an effective mode index and A an effective mode area. We restrict the mode expansion
to a wavenumber bandwidth Ak since this simplified description of the field may not be valid
everywhere. Therefore, the commutator can be written as

CF(a =2t =1) = BV (0, BOE ) = [ 3

%‘g(kj)|26ik(z—z’)—iwk(t—t’)' (5.4.8)
Ak

The equal time commutator is given by

CP(z—2,0) = / ¥ g (1) ek (5.4.9)
Ak 27T

Let us suppose that the bandwidth Ak is such that the variations of |€(k)|? can be neglected,
being set to £(ko)|?. Then we get (assuming the limits are from —Ak/2 to Ak/2:

CE(z—2,0)~ ]E(ko)|2%sinc (Ak(z - z’)) : (5.4.10)
2 2

In other words, we can think of our spatial field as being composed of “localized photon modes”

of width 1/Ak. if for example Ak = kq/10 then for A = 1um, the localization scale is roughly

10\ ~ 10um. For z = 2’ one simply gets C¥(0,0) = |E(ko)|?/Lpn where Ly, = 27/Ak. We

may use this to simplify the sum of cubic envelope operators, writing it as

34 (2, ) A (2, ) A7 (2,1) + 340 (2, 4)CE (0, 0). (5.4.11)

The second term is an effective renormalization of the wavevector. The more rigorous way to
deal with it is to absorb it as a wavevector shift in the Heisenberg equation. The less rigorous
way is to ignore it. However, for the circumstances we will consider, this term will be very
small compared to the cubic term since we will typically work with fields that have many
photons in them (we need strong fields for bulk nonlinearities to be significant in effect). The
commutator term is proportional to the nonlinearity induced by a single photon and so is
neglected in what follows.
Using this simplification our Heisenberg equation may now be written as
©  smA+1
0.4 (zt) =Y Zmifma?Ag“(z,t) +

m=1

3iwix® 1) 1 2
—=—A A . 4.12
20%1(&)) 1 (Zat) 1 (Z,t) (5 )

One may see that this is in direct correspondence with the classical pulse propagation equations
that we wrote in Unit 3. The envelope operator has dimensions of electric field. In what
follows, let us define a dimensionless operator which has commutation relations we expect for
continuum field operators. Define

T
2eon2A

W(z,t); A (2, 1) fiw Wi(z,1) (5.4.13)

(+) — =
AT (=) 2¢gn?A
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Then, in the limit of infinite bandwidth C¥(0,0) = [¢(z,t),%'(2,t)] = §(z — 2’), and our
operator-valued pulse propagation equation becomes

— "B

0up(2,t) = Y ——0 (2, 1) + irl (2, )9? (2, 1), (5.4.14)
= m!
. 3hw?x(3) . .
with k = 46061n3 —» Where n; = n(wi). In the presence of dispersion, where the group
1
2.(3)
velocity different from the phase velocity, kK = %. Finally, as is standard in pulse
1

propagation, we express these equations in a co-moving frame introducing the usual variables
2 = 2, t' =t — B12z which leaves us with

©  m+1
(2 t) = Z Nm'ﬁmaznw(z',t') + il (2 )2 (2, ). (5.4.15)
m=2 ’

The commutator at equal z can approximately be written as

Ak Ak
C¥(0,t) —th) ~ gsinc (Ug2 (t) — t’2)> : (5.4.16)

For a sufficiently large bandwidth, we may write this as id (t —¢'). The interpretation of

T4 is a photon number density (photon number per unit length). It is more convenient to
rescale our 1 to be a flux of photons (photons per unit time). This is done be rescaling 1) by
1 — /g and k/vy — Kk with vy the group velocity. This leaves us with our final equation:

X am+1
() =D %aﬁ (2, ) +irgt (2, )2 (2, 1), (5.4.17)
m=2 ’

In what follows, we will consider the idealized limit in which C¥(0,t —t') = 6(t — t'). Before
proceeding, it useful to note that the xk parameter is related to the v that we know from the
classical pulse-propagation equation from Unit 3 with power-normalized fields. The relation is
Kk = vhw. This makes sense as k is the constant for photon-number-per-unit-time-normalized
fields while ~ is the constant for energy-per-unit-time normalized fields.

5.4.1 Squeezing by self-phase modulation

Let us analyze the very simplest nonlinear effect which is self-phase modulation. In other
words, we will set our dispersive terms to zero in the quantum pulse-propagation equation,
which leaves us with

O(z,t) = im/ﬂ(z,t’)¢2(z,t’), (5.4.18)

where I have taken 2z’ — z since their meaning is the same. This equation is exactly solvable.
It uses the fact that

0.1 (2,8)(2, 1) = 1 (2,) (irgpT (2, )% (2,1)) = (isg) T (2,8)0(2,8)) (2, ') = 0. (5.4.19)
Therefore, we may write our Heisenberg equation as
0:4(2,1") = ik(41(0,)4(0, )¢ (2, 1), (5.4.20)
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which looks like something that can be exponentiated. That said however, we must be very
careful when exponentiating operator equations like this. If 1T(0,#)1(0,#) were a c-number,
we could exponentiate directly. Let us however make a trial solution of the form

P(z, 1) = T OO 0 ¢, (5.4.21)

Since [ei“wT(Qt/W(O’t,),@DT (0,t")1(0,t)] = 0, it immediately follows that upon differentiation by
z the irtpT(0,¢)2p(0,#') that is pulled down can be pulled to the left of the exponent, satisfying
our differential equation.

Let us analyze the physics of this transformation, which can be seen as a photon-number
dependent phase rotation (very much like how we think of classical self-phase modulation).
To expose the physics a bit more cleanly, let us work with unit-commutator creation and
annihilation operators. We see that each time-slice of the pulse behaves independently, so let
us define a time-slice operator

a = VAtp(t), (5.4.22)

where At is some temporal bin width. This allows us to associate the self-phase modulation
with a transformation

i0at
ez@a a

a— a, (5.4.23)

_ 1 _ hw hw . .
where 6 = k2 X z; = 72 X #7. The factor {7 can be seen as the power carried by a single

photon pulse of temporal width At. We are mostly introducing this time-bin as a formal device
to map our pulse problem into a single-mode problem. The transformation above a — eibatag
is one that appears in more general contexts such as third-order nonlinear media inside optical
cavities with a single well-defined resonance mode (associated with operator a). In such
circumstances, we typically associate an interaction picture Hamiltonian H = BTKaTQ(f with
corresponding Heisenberg equation (for the interaction picture field operator) ¢ = —iKala?
which has the same formal solution as above. Here, if you want to take this time-slice operator
seriously, you should treat At as the regularization time associated with the field commutator
C¥(0,0).

This transformation can be enacted exactly. But we will first consider a simpler limit in
which the input is in a coherent state |a) where |a|? > 1. Then, we can treat the operator
a = a + da where da represents the quantum fluctuations of the operator and « is the mean
field. This is exactly equivalent to saying that we take expectations with respect to the vacuum
state but treat our initial operator as displaced: a — a + «. But since we used equality rather
than —, we should call the operator on the right-hand side something different, and so we
call it da. In any event, it has the interpretation as being the quantum fluctuations on top of
an otherwise classical field of a coherent state. In this case, we expect the argument of the
exponent to be small. This is because typically in nonlinear optics we deal with nonlinear
phases on the order of 27. But if we consider

fata =0 (|a|2 + (a*da + adal) + 5aT5a) , (5.4.24)

we see that the classical nonlinear phase corresponds to the first term. The terms linear and
quadratic in fluctuations are much weaker. If & = \/n where n is a characteristic number of
photons inside the field then we see the linear terms are smaller by /n and the quadratic
terms by n. In typical contexts involving typical materials, the number of photons needed
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for a 27 nonlinear phase shift is much greater than one. At the very leading order, we could
neglect both the linear and quadratic terms, but then we would learn no information about
quantum statistics. The leading quantum behavior is maintained by keeping the terms linear
in da, leaving us with

a — efaleg xy giflol? (1 +i0(a*0a + aéaT)) (a+da). (5.4.25)

In this, T used the fact that if 8|a|? is of order 1, then the linear terms are much smaller
than one. By a similar logic, we can drop all terms in the remaining expression which are
higher-order-than-linear, which gives us

a — eiflol? (a + (1+ z'9|0z|2) da + i9a25aT> . (5.4.26)

This transformation, which is equivalent to a Bogoliubov transformation, acting on an initial
coherent state, gives a displaced squeezed state. Let us try and understand this. First, since
the mean-field (the average field) is much larger than the fluctuation operators, we can equate
averages and fluctuations separately. The transformation of the average field is

a— el q, (5.4.27)
which is the usual SPM transformation. The fluctuations transform as
da — pda + véal, where = (1+ i9|oz|2) o’y = iga2edlol® (5.4.28)

We immediately see that |u|> — [v|?> = 1 as we expect for the Bogoliubov transformation.
The ¢ parameter for the transformation, or equivalently |r| and ¢ depend on the initial field
amplitude, and so the squeezed quadrature changes as we scale up the amplitude! To explicitly
connect the transformation above, written in terms of operators, in terms of squeezing followed
by displacement, let us consider for some operator b the transformation

b = D' (a)ST(C)bS(C)D(e) = D (a)(ub + b)) D(a) = u(b+ @) + (b +a*),  (5.4.29)

where u,v are determined from ( in the usual way. Now define fluctuation operators via
o' = b — (V). Then, we have that the output fluctuation operators are given by

o = pu(b+ a) + v(b' + o) — (pa+ va*) = b+ vb! (5.4.30)

where we have assumed that the initial state is the vacuum state without loss of generality.
For the initial vacuum state, since the mean is zero, b and b coincide. Therefore we have

oY = udb + vob', (5.4.31)

describing the transformation we found from self-phase modulation. It is important to
understand that since this state is nothing other than a displaced squeezed state, quadrature
variances work the same way as for the squeezed vacuum state. The state is just shifted in
phase-space such that it has a mean complex amplitude.

The squeezing operation can also be understood in terms of a phase space picture. If we
consider our coherent state as a point cloud of random complex amplitudes with some variance,
then some of these initial amplitudes correspond to larger photon number, and accumulate
phase more rapidly due to SPM. This leads to a deformation of the symmetric distribution
into an ellipse for small deformations, yielding squeezing. For larger phase shifts where the
linearization approximation breaks down, one gets a more “meniscus shaped” distribution
and we should instead appeal to an exact quantum calculation.
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5.4.2 Track 2: Generation of Schrodinger cat states by Kerr nonlinearity

When linearization breaks down, we can get more “exotic” quantum states than the squeezed
state. For example, we can get a superposition of two coherent states of the same magnitude
displacement. When that displacement is large, it corresponds to a superposition of two
macroscopic light beams called a Schrodinger cat state in analogy to the eponymous cat
which is in a superposition of alive and dead. To see how this occurs, we want to work in
the Schrodinger picture. As mentioned previously, the interaction picture evolution of a state
due to self-modulation is generated by a Hamiltonian Hx = ETKaTzaQ = ETK(N 2 — N) where
N = dala.
The time-evolution is then (all states are now in interaction picture)

[0y = e N N |y (0)) (5.4.32)

where § = —Kt/2. Suppose that we have a coherent state as our initial state. Then, employing
its photon number representation, we see that

00 iy
') = o~ slal? ZeiGnQ (ae

n=0

In). (5.4.33)

Let us consider what happens for § = 7/2. You can convince yourself in this case that

ein?0 = ¢im/2 for every odd n, and 1 for every even n. We may thus write

el = ¢l 4 (—1)"e 4. (5.4.34)
V2

Therefore it immediately follows that the resulting state is

) = \}5 (¢Flae™) + e[~ ac™)), (5.4.35)
corresponding to a superposition of two coherent states. It is worth noting that this state has
fairly exotic properties but is incredibly hard to realize using bulk nonlinearities because it
requires the phase shift of a single photon being on the order of 1, which for typical fibers
would require millions of meters (which ignores loss and many other aspects of reality that
would compromise cat-state generation. However, these very same ideas in the context of
superconducting qubits, which present strong single-photon Kerr-like nonlinearity at microwave
frequencies, are applicable, and cat states have been generated for use in quantum computing
schemes.

5.5 Track 2: Semiclassical picture of quantum noise

Note: This material is largely copied from Nature Photonics 19.7 (2025): 751-757.

It is hard not to notice that there is a strong correspondence between the operator valued
Heisenberg equations and the classical nonlinear equations that we have studied thus far. In
fact, when there are strong pump fields involved that can be treated classically, we often end
up with linear operator equations which are formally identical to the classical equations with
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commutator constraints. In this so-called linearization regime, it turns out that there is a
general and simple way to get variances of arbitrary observables in terms of derivatives of
classical nonlinear equations of motion. This connection is called quantum sensitivity analysis
and we derive it here.

Consider a system of bosons described by a set of annihilation and creation operators a;, a;r
where 7 is a generalized index, labeling not only different modes for a given boson, but also
different types of bosons. We’ll denote the vector of operators as a,a’ for compactness. For
example, in a case where light interacts with phonons, as well as atoms capable of absorbing
the light, the boson operators may label photon modes, phonon modes, and the effective
bosonic modes which describe an absorbing material.

The equation of motion for the operators can be written schematically as:

a=F(a,al)
al = Fi(a,al), (5.5.1)

where F' is a generic operator function that produces the right-hand side of the Heisenberg
equations of motion corresponding to the system Hamiltonian.

In the case where the number of bosons in the initial state is large, the quantum dynamics
can be well approximated by the lowest-order fluctuations on top of the mean-field dynamics
[?]. This “linearization” approximation proceeds by expressing the operators as

a=a+da, (5.5.2)

where o = (a), plugging it into the Heisenberg equation, and neglecting terms of higher order
than linear in da. The equation of motion for the mean fields can be written as

a=F(a,a”), (5.5.3)

where the c-number function F(a, a*) corresponds to replacing all operators in F(a,a') by
c-numbers. These equations will be nothing other than the classical equations of motion for
the system. Meanwhile, the equation of motion for the fluctuations can be expressed as

OF; da; + OFi 5ot (5.5.4)

(5CLZ' 801»7 j
j J

:,804~
7 j

where, importantly, the derivatives are with respect to the classical (c-number) function. The
equation of motion for the creation operators just follows from conjugation.
The solution to these equations can be expressed as a Bogoliubov transformation, as:

5ai(t) = Z uijéaj(o) + Vijéa} (0) (5.5.5)
J

In what follows, we will make a new connection, showing that the u, v are in fact derivatives
of the classical equations of motion with respect to the initial conditions. To see this, let us
consider when we take the classical equation of motion Eq. 5.5.3 and evaluate the change in
the solution when the initial conditions are varied. Assuming that a variation in the initial
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conditions, da leads to a sufficiently small change in the output fields, we may linearize the
equations, writing them as

OF; OF;
Oy = —da; + ool 5.5.6
' - 80éj J ; 8(1; J ( )
This equation is in correspondence with Eq. 5.5.4, and its solution is the same, as Eq. 5.5.4 is
a linear equation, and thus is solved identically to a classical equation. In particular, we may
write:

Soui(t) = Z 13005(0) + v560(0), (5.5.7)

where u, v are identical to the quantum-mechanical case. But, by construction, we may also
write

‘ . 8Cki(t) ' 80&2'(75) "
oay(t) = j 80@(0)5%(0) + 8@?(0)5%(0)’ (5.5.8)
allowing us to identify
80@(25) o 8ai(t)

i = ,Vij = , 5.5.9
5= 90,077 = 90 (0) (5:3.9)
completing the proof.

We now use this result to connect the calculation of quantum noise in multimode systems
of light and matter to adjoint methods for solving numerical differential equations. Consider
an observable § X which is linear in fluctuation operators da; and 5a;':

0X = cida; + dida). (5.5.10)

For a wide range of observables operators X, the corresponding fluctuation operators 6.X =
X — (X) will take the form above. In particular, for any operator function of creation
and annihilation operators, we may write 6X = V,X(a,a*) - da + Vo X (a, a*) - dal +
O(dada,dada’,...). Therefore, we can identify ¢; = 0X/0c; and d; = 0X/0a}. For states
with Gaussian correlations, odd-order correlators vanish, a variance such as ((6X)?) will
have terms of second-order in fluctuation operators and terms of fourth-order in fluctuation
operators: assuming we keep terms up to quadratic order in the fluctuation operators. For
a Gaussian state, the fourth-order correlators will factorize in terms which go as the square
of second-order correlators. As an example of an operator, consider X = n = a'a. Then, so
long as |a|? > (6ada), (Jadal), ..., the linearized approximation will be valid. An equivalent
order-of-magnitude comparison is obtained by comparing n? with the variance (An)?, as
would be expected from the fact that linearization is valid when fluctuations are small.
In terms of the results of the previous section, we may write

B Oai(t) 0ai(t) ' Oai(t) 0aj(t) t
5X(t) = zj: {cl P (0) + d; Do (0)} 6a;(0) + | ¢ 5% (0) + d; 50" (0) dal(0)
N OX@®) OX(t) <
" 2 5a,0) 1O+ Gaz )
= [6(1 : a% +da' - g;} X(a,a”) (5.5.11)



We have used the chain rule to express the result in terms of the derivative of the classical
observable with respect to initial conditions. In the last line, and in what follows throughout
most of this Supplement, we will omit explicit indication of time-zero quantities. We also
briefly note that in the main text, for intuitive ease, we have replaced the time-zero label by
“in” and the time-t label by “out”. Further, in the last line, we have introduced the notation
X (a, a*), which refers to the value of the observable X, calculated classically, assuming some
initial conditions o, a*. While classically, the initial conditions and their conjugates would
not be independent, here, we take them as independent, since they refer to fluctuations in a
and af, which quantum-mechanically have a nonvanishing commutator.

Since this expression applies to any observable, we may now write a compact relation for
the variance in an arbitrary observable, in an arbitrary coupled system of light and matter
degrees of freedom, in this linearization approximation. This relation is what we refer to as
the quantum optical law of total variance. Within this approximation, the variance of X,
(AX)? = ((6X)?), is expressed as a quadratic form:

(AX)? = vT'Cv, where

_(0x ox\'
"=\ 9a dar

dada sasal
©= (<<5aT5a>> <<5aT(5aT>>) (5.5.12)

The correlation matrix C' which multiplies the gradients v is constructed from the statistics
of the initial field, which allows for straightforward inclusion of the effects of excess noise,
multimode correlations (e.g., entanglement), and phase-sensitive correlations (e.g., from
squeezed states of light). This reformulation shows that the noise is in fact largely understood
in terms of the gradient of the classical transformation of the light with respect to the initial
conditions. This enables one to predict and understand the dynamics of fluctuations and
noise based on the classical understanding of nonlinear optical effects developed over recent
years. That said, one key aspect of this framework that goes “beyond” many classical studies
is that: in this framework, one must also study the sensitivity of the system to dark modes,
as it is these which often limits the noise performance in the presence of interactions.

5.5.1 Examples of quantum sensitivity analysis

In this section, we apply the quantum sensitivity analysis formulae to two cases we have
already studied: single-mode parametric amplification, and self-phase modulation of pulses.

Single-mode parametric amplifier

In the derivation of quantum sensitivity analysis, we assumed that the operator X could
be non-trivially linearized. That requires that the gradients V,X do not vanish. In what
follows, we present a simple case where the gradient does vanish, and show that our framework
can still capture the correct result. The solution will be to use the more general expression
relating the Bogoliubov coefficients to the classical Jacobian. As an example, we consider the
intensity fluctuations of squeezed vacuum. To describe fluctuations of squeezed vacuum using
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our framework, the first step is to identify and solve the corresponding classical model with a
general initial condition. The equations of motion are

& = Qa*
& = 0Fa. (5.5.13)

The solution is

alt) 0 Qt a(0) cosh (|Qt) a(0) + sinh(|Q2[t)e?a*(0)
<a*(t)> - &P [(m 0 ﬂ <a*(0)> - <smh(|mt)ei¢a(0) + cosh (|Qt) a*(O)) ’
(5.5.14)
where we have defined Q = |Q]e’®. According to Eq. (S5), we can write the fluctuation
operators as

da(t) = pda(0) + véa’(0), (5.5.15)

where p = 0a(t)/0a(0) = coshr and v = da(t)/da*(0) = €'® sinhr, where r = |Q|t. This is
of course the correct Bogoliubov transformation expected quantum mechanically noting that
since a(t) = 0, a = da. Let us now consider a quadrature operator X, = ae® + ate™. With
this normalization, the quadrature variance in the vacuum state is one. Let us now ask about
the squeezing of an initially injected vacuum state. From the quantum optical law of total
variance, the quadrature variance is simply:

s 10Xu()
0a(0)

(AX,) )2 - ‘cosh (121t) € + sinh(|Q]t)e— % (5.5.16)
which is the known result.

Now, let us consider the intensity or photon number fluctuations. A direct application
of Eq. (S12) yields zero for the case of squeezed vacuum generation, where «(0),a*(0) = 0,
since the derivative of n(t) = a*(t)a(t) with respect to initial conditions will lead to a sum
of terms, each of which are linear in a(t) or «*(¢). This is a simple consequence of the fact
that the gradient V,n is vanishing, meaning that n cannot be approximated as linear in
fluctuation operators for this initial condition. To get the mean photon number and the
photon number fluctuations, one simply computes (n) = (afa) and (n?) the standard way,
which will reproduce the known result (see e.g. [?]).

We now use QSA to describe displaced squeezed vacuum. Classically, one can model this
by taking the parametric amplifier relation above and mixing that light through a beamsplitter
with another classical light beam called a local oscillator 2. The resulting transformation is

a = B+ pa(0) + va™(0). (5.5.17)

The gradient of the photon number at «(0),a*(0) = 0 is given by n = a*«a, In/0a(0) =
B*p + Br*, and so the intensity fluctuations in response to a vacuum state input are (An)? =
8%+ Br*|* = B (€* cos?  + e 2" sin? §), for the case where p = coshr,v = sinhr and
defining 8 = |B|e. This is the known result when |3|? > |v|? (see [?]), which is the limit
assumed by linearization.

12For the displaced squeezing to be valid, and for us to neglect vacuum fluctuations of the intense field, it
needs to be the case that the transmission of the amplifier output is approximately one (so the intense field is
mostly attenuated, but still very intense compared to the number of photons in the amplifier output).
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Self-phase modulation of pulses

For a pulse in a medium experiencing pure self-phase modulation without temporal dispersion,
the classical nonlinear equation of motion is

Doz, t) = ina*(z,t)a? (2, t), (5.5.18)

where a(z,t) is the envelope of the electric field of the pulse as a function of distance along the
fiber z and time-delay relative to the center of the pulse (defined as time zero). Dimensions
of a are chosen such that |a|?dt represents the number of photons carried in a time-span
dt of the pulse. As is standard in ultrafast nonlinear optics, this equation is in the frame
of reference which co-propagates with the pulse at its group velocity vy [?]. The quantity
~ is related to the nonlinear propagation phase. In particular, the pulse envelope, after a
propagation distance L in the fiber, is given by:

a(L,t) = 9" 0020 (0, 1), (5.5.19)

where 0 = vL, which follows from the fact that |a|?(2,t) = |a|?(0,t). It follows immediately
from these equations, as well as Eq. (S5) and (S9), that

sa(L,t) = /ds [m&z(o,s) + mfmf@,s) | (5.5.20)
where -
oo =0t = 9) (14 Bla0.0R) MO0 = (e -5, (552)
and
da(L,t) ‘ Bla(00) _ -
m =4(t—s) (2004(0,1?)2) e0lal*(0,t) — v(s)5(t — s), (5.5.22)

where we have defined p and v for ease of notation. This relation is in exact agreement with
the standard treatment based on an exact solution of the Heisenberg equations.
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Appendix A

Appendix A: Maxwell’s equations in
materials

Mazwell’s equations in polarizable media. Scalar and vector potentials. Mazwell equations as
eigenvalue problems. Green’s functions (general). Green’s functions for the Mazwell equations.
Green’s functions in terms of mode expansions. Electromagnetic energy in nondispersive and
dispersive electromagnetic media.

A.1 Maxwell’s equations in materials

The goal of any problem in classical electrodynamics is to find the time-evolution of the
electromagnetic fields under a prescribed distribution of charges and currents. The time-
evolution is governed by the Maxwell equations. In frequency-domain, the equations take a
much simpler form, which we will almost exclusively use. As you saw in the previous section,
the Maxwell equations in frequency domain are given by

p(r,w)

V- e(r,w)E(r,w) = o

V- B(r,w) =0
V x E(r,w) = iwB(r,w)
V x H(r,w) = J(r,w) — iwepe(r, w)E(r, w),

where €(r,w) is the frequency-dependent permittivity of the previous chapter. p and J are
free charge and current densities. Bound charges and currents, as we discussed in the previous
section, are captured by the permittivity. As a warning, we will often leave out position and
frequency functional dependences. They are implicit.

A.1.1 Maxwell’s equations for the potentials

When we formulate quantum electrodynamics for electrons interacting with quantized fields in
materials, we will go through the vector and scalar potential, as it makes evident the number
of dynamical degrees of freedom needed to describe the electromagnetic field. Therefore,

125



we shall formulate Maxwell’s equation for the potentials, as well as introduce the so called
generalized Coulomb gauge, which is key to the quantization of electromagnetic fields in media.
Recall that in electromagnetism, we can define a vector potential A and a scalar potential
¢ such that E = —V¢ — ;A and B = V x A. In frequency domain, ;A — —iwA. The
Maxwell equations for the potentials in frequency domain then read:

p(r,w)
€0

V XV xA(r,w) = poJ(r,w) — %e(r,w) (iwA(r,w) — Vo(r,w)). (A.1.6)

V- (—iwe(r,w)A(r,w) + €(r,w)Vo(r,w)) = — (A.1.5)

You will see that the second and third Maxwell equations are trivially satisfied and require
no additional effort on our part. We may omit them. Next, we shall make use of gauge
invariance of Maxwell’s equations. In particular, if we perform the following transformations
on the potentials: ¢ — ¢ —iwy and A — A — Vy, the electric and magnetic fields remain
unaffected. Thus, the electric and magnetic fields are the “physical” fields. Thus, we can
choose any gauge that makes convenient the solution of the remaining equations. We will
make use of the generalized Coulomb gauge V - €A = 0. You are encouraged to prove that one
may always find a gauge transformation to satisfy this condition, provided that the gauge
function satisfies V - eVyx = 0. In this gauge, the remaining Maxwell equations, after some
re-arrangement, satisfy:

- e(r,w)Vo(r,w) = — 25 (A.1.7)
€0
w? w
<V x V x —e(r,w)c2> A(r,w) = poJ(r,w) + ge(r,w)VQS(r,w). (A.1.8)

I will comment that an advantage of these equations is that it is clear that there are only
three degrees of freedom needed to describe the electromagnetic fields: one scalar potential,
and two components of the vector potential. The third component of the vector potential
is determined from the other two by the generalized Coulomb gauge condition. But the
information in these equations is equivalent to the information in the Maxwell equations for
the fields. For example we can easily get the electric field from these previous two equations.
Plugging in A = BtVé e see that

wo !

2
<v X V x e(r,w)“;) E(r,w) = iwpod (r, ). (A.1.9)
c
The magnetic field is simply %. Let us now understand the general properties of the
solutions to these equations.

A.1.2 General properties of Maxwell’s equations in the absence of sources

Consider Maxwell’s equations in the absence of sources: J = 0 and p = 0. The scalar
potential equation is solved by ¢ = ¢ with ¢ a constant. As we can always perform a gauge
transformation that removes this constant, we may simply say ¢ = 0. Thus, the only equation
of interest is that for the vector potential, which simplifies to
w2
VxVxAlr,w)= e(r,w)c—QA(r,w) (A.1.10)
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The equation for the vector potential on the other hand does have non-zero solutions for w # 0.
For example, if € = 1, then a plane transverse wave of wavevector magnitude k satisfies this
equation when w = ck. In what follows, we will consider a non-dispersive, but inhomogeneous
dielectric medium, so that e(r,w) = e(r). We will also only consider lossless media for the
present, such that e is real-valued. A number of powerful general results emerge simply in this
case. The resulting equation is a generalized eigenproblem, in which an operator (V x Vx),
acting on a (vector) function (A), gives that same function, up to an eigenvalue (“;—22), and a
function (€). In the absence of this additional function, this would be a standard eigenproblem.
Nevertheless, many results from standard eigenproblems carry over with minimal modification.
Here, we enumerate the basic properties of this generalized eigenproblem, and its consequences.
These consequences will be critical in the quantization of the electromagnetic field.

To derive basic properties of the Maxwell eigenproblem, we will need to define an inner
product between vector functions. In particular, we define

(X,Y) = /d3r X* Y. (A.1.11)

You are encouraged to confirm that this inner product satisfies the axioms of inner-product
spaces. Given this inner product, we may now simply prove (the first two of) the following
properties of the Maxwell equations, its eigenfunctions (or eigenmodes) F,,(r) = A(r,wy),
and its corresponding eigenfrequencies wy:

1. The eigenproblem is Hermitian. In particular (X, VxVxY) =(VxVxX,Y). To
prove this: let us start on the right side of the equality and integrate-by-parts our way over
to the left hand side. Recall that [d3r A-VxB = — §dS n-(AxB)+ [d®r (VxA)-B.
In everything we will be doing, we will take boundary conditions at infinity such that
either: the fields vanish, or they are periodic at the boundary. In either case, this makes
the boundary term zero. Thus, we may focus only on the second term. The integration
by parts then tells us that the curl moves over (with no change in sign, due to the
antisymmetric properties of cross products). Thus, the second curl also moves over for
free, and it is then clear that (X, V xV xY) = (V x V x X,Y), which means V x Vx
is a Hermitian operator.

2. The eigenvalues are real if € is positive. Consider (F,,,VxV xF,) = %(Fn, eFp,).
By integration by parts, we may write the left-hand side as (V x F,,,V x F,,) =
[d®r |V x Fy|2 > 0. If € > 0, then (Fp,, eF,) > 0, w2 > 0, and thus w, is real. Both
positive and negative roots are valid solutions, and correspond to positive and negative
frequencies in the frequency-domain Fourier expansion of the electromagnetic field we
considered at the beginning of the lecture.

3. The eigenfunctions can be made orthonormal according to a modified inner
product. Eigenfunctions of different eigenvalues are manifestly orthogonal (and then
normalized to be orthonormal) with respect to a new inner product (X,Y) = [ d3r eX*-
Y. To see this, simply consider the following inner product:

wa

2
(Fr, V X V X Fp) = S8(F,,, F,) = 2 (cF,,, F). (A.1.12)
C

c2
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By Hermiticity under the standard inner product, it is the case that this must also equal

w

2
(VX V X Fr, Fp) = “(cF,,, Fy). (A.1.13)
C

It is thus immediately seen that if wy, # wy, then (Fy,,Fy,) = [d®r €F}, - F,, = 0.
Degenerate eigenfunctions can be made orthonormal by the Gram-Schmidt procedure,
just as in quantum mechanics.

4. The eigenfunctions span the space of divergenceless functions. Proving this
requires functional analysis, so we will invoke the result instead. Consider a divergenceless
(transverse) function X, such that V- X = 0. Then it may be expanded in terms of the
eigenfunctions of the Maxwell’s equations, up to a factor of €, via:

X =Y cncFy, (A.1.14)

with ¢, the expansion coefficients, given by ¢, = f d3r eF;, - F,. You can see that
the divergence of each individual term is zero (from the generalized Coulomb gauge
condition), so that the divergence of the overall function is zero.

It then follows that we may write an any time-dependent vector potential in the generalized
Coulomb gauge by using a mode expansion, as

1 ) .
Ar,t) =5 > anFu(r)e 4 afF (r)er, (A.1.15)
n

where «,, are arbitrary coefficients. In writing this form, we have explicitly separated positive
and negative frequencies. We have also defined the expansion coefficients with a factor of

one-half, so that the right-hand side may also be written as Re | anFn(r)eiwnt] . Keep

in mind the expansion of Equation A.1.15, as it will be the centrgl object of study in the
canonical quantization of the electromagnetic field. Before moving on, note that for the
electric field, one has the exact same eigenproblem in the absence of currents and charges,
and the corresponding modes have the same properties (as they are the same modes).

Now that we have a framework for working with the modes of Maxwell’s equations in
arbitrary media, we can consider how these fields are produced in the first place — through
currents and charges. This will reveal the important phenomenon of radiation, which we will
treat primarily through the method of Green’s functions.

A.1.3 Maxwell’s equations in the presence of charges and currents

In the presence of charges and currents, we must revert back to Equations A.1.7 and A.1.8.
We require additional mathematical formalism to proceed, namely the method of Green’s
functions, which we now introduce.
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A.1.4 Green’s functions

Consider an arbitrary linear differential equation of the form:

(Df) = S(r), (A.1.16)

where D is a differential operator. S(r) is a source. We have written the equation as a
scalar equation, but the general considerations here extend to vector and tensor equations.
Examples of a differential operator would be V2, V2 + ¢2, with ¢ a constant, V4, dx, fz)L g’
etc. The differential operators we’ll apply these con81derat10ns toare V-eV and VxV x —e%y

Suppose we now consider the case where the source is a delta function: S(r) = d(r — r’). We
call the corresponding solution of the inhomogeneous equation the Green’s function G(r,r’):

(DG) = d(r —1'). (A.1.17)

If we know the Green’s function, then we may solve the differential equation for any source
S(r) using linearity. In particular, the solution f(r) can be expressed as an integral of the
Green’s function with the source as

16 = [ ' Glra)s (). (A118)
One can easily see why this works by plugging this solution back into Eq. A.1.16 which gives
Df /d3r’ DG(r,1") /d3r’ s(r—r)S(') = S(r), (A.1.19)

where we have only used the defining Green’s function property of Eq. A.1.17. This means
that if we can find the Green’s function by solving a differential equation with a delta function
source, then we can construct the solution to any source by integrating this source against
the Green’s function. This is a powerful tool of differential equations in both mathematics
and physics.

We now turn to how Green’s functions can be used to write solutions to Maxwell’s
equations. We focus first on the defining equations, and then show how the Green’s functions
can be expressed in terms of eigenmode expansions. By taking Eq. A.1.7 and replacing source
term on the right hand side with a delta function, we can write the equation which defined
the Green’s function Gy (r,w) of the scalar potential as

V- e(r,w)VGy(r,w) = 6(r — r'). (A.1.20)

If the solution for G¢(r,w) is known, then the scalar potential can be expressed in terms of
the charge sources as
1
o(r,w) = ' Gy(r, v, w)p(r’,w). (A.1.21)
€
Similarly, replacing the right hand side of Eq. A.1.8 with a delta function, we see that the
Green’s function G(r,r’,w) should satisfy

2

(V x V x —e(r,w)w—

2 > G(r,r',w) = d(r —1')I. (A.1.22)
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Unlike the equation for the scalar potential, this is a vector equation with a vector source. As
such, the Green’s function G(r,r’,w) is necessarily a tensor, and the curls are understood to
act on the first index (and first position argument) of the tensor. For this reason, the object
G is often referred to as the dyadic Green’s function. Consequently, the right hand side is the
tensor 0(r — r’)I, where [ is the 3-by-3 identity matrix.

The dyadic Green’s function can then be used to write a solution for the vector potential
in terms of the current source and scalar potential as

A(r,w) = /dSr' G(r,r',w) - <MOJ(r’,w) + ge(r',w)V(b(r’,w)) . (A.1.23)

Note here that since G is a 3-by-3 matrix and the dot here means matrix-vector multiplication.
As we will rely on it heavily in the next section, we also want the electric field in terms of
Green’s functions. Since Eq. A.1.9 expresses the electric field in terms of the same operator,
we can easily write

E(r,w) = iw,uo/d?’r’ G(r,v',w) - J(r', w). (A.1.24)

We are now ready to derive an expression for the Green’s function in terms of the

eigenmodes F,, of the source-free problem. This is done by solving Equations A.1.7 and A.1.8

individually, finding the result when the current is a delta function, and combining them to
get the electric field. This will enable us to infer the Green’s function.

We start with the vector potential. Suppose that the vector potential can be expanded in
the basis of modes of the Maxwell eigenproblem, so that

= Ap(w)Fp(r). (A.1.25)
By plugging this into Equation (8), we can immediately see that the left-hand side

> 2 (wn — w?) An(w)e(r, w)Fa(r) (A.1.26)

c2

is divergence-less (transverse), as it should be. This transverse left-hand side is being expanded
in a complete set of transverse functions eF,,, as asserted in the previous section. The right-
hand side, being transverse, can be expanded similarly as

D en(w)e(r, w)Fy(r). (A.1.27)

n

Taking inner products reveals an expression for the coefficients ¢, (w) as

cn(w) = /d3r F; (r) (MOJ(r,w) + i:;e(r,w)ng(r,w)) = uo/d?’r F)(r)J(r,w). (A.1.28)

The second term is zero. That is because it is the integral of a product of a divergenceless
function and a curl-less function. Solving for A,,, we find that the vector potential is given by

3,/ Fx Y w
A(r,w) ,LL()CQZfd F w2J< ’ >Fn(r) (A.1.29)
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Now let’s discuss the scalar potential. The scalar potential is simply

o(r,w) = 610 B’ Gy(r, v, w)p(r’,w). (A.1.30)

Combining these together, the electric field is given by

3,/ F* /
E(r,w) = szOCQZ Jdr w2.](r ’w)Fn(r) 61 /d3r’ VGy(r,r',w)p(r',w) (A.1.31)
0

'Vl
To construct the Green’s function, we need to find the electric field produced by a delta-function
current source of frequency w and oriented along the j direction, so that J(r,w) = é;6(r —r').
Then we need to divide by iwpg. For the first term, it is clear what to do. For the second, we
need to know what charge density corresponds to a delta function current density, revealing
clearly that the charge distribution corresponding to a delta function current is a dipole. From
the continuity equation, we see that

_ly. (rw) = a6 — 1
p(r,w) = iwv J(r,w) = pj(r,w) = iwﬁjé(r r'). (A.1.32)

It is given by a derivative of a delta function. It follows that

F,(r)F; (1) c?
G-(I',r’7w) ZCQX:W%_0‘12—{_2.0+ + — OJFVV G¢(I‘ r w) (A133)

The infinitesimal imaginary parts in the denominators arise from asking: what happens if
W = Wy, '? It looks like the Green’s function diverges. However, in any realistic situation, the
divergence is regularized by the fact that any system has at least infinitesimal dissipation.
This is called the principle of limiting absorption. To apply it, we take w — w — 107", similarly
to what we did when studying perturbation theory in quantum mechanics.

Yor w = 0, but we’re never interested in this situation
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Appendix B

Appendix B: Lagrangian and
Hamiltonian formulation of classical
electrodynamics

B.1 Lagrangian and Hamiltonian formulation of classical elec-
tromagnetism

In the previous chapter, we studied the description of the classical electromagnetic field. We
reformulated Maxwell’s equations in dielectric media in terms of the vector and scalar potential.
As argued from the previous section, this reformulation is helpful because it reveals in a
transparent way the number of degrees of freedom needed to describe the electromagnetic field.
In this chapter, we will quantize the combined system of charges and electromagnetic fields. To
quantize the system means essentially to turn all observable quantities describing the system
into operators. Thus, the positions and velocities of the matter (charges) become operators, as
do the electric and magnetic fields. Additionally, we will need to find a Hamiltonian operator
which generates the time-evolution of the light-matter system.

We already know how to quantize the charges, as this is just conventional quantum
mechanics — thus the essential new element is the quantization of the electromagnetic field. We
will see that each mode of the electromagnetic field is associated with a harmonic oscillator.

In general, the strategy to answering these questions is as follows:

1. Start from a Lagrangian whose equations of motion (Euler-Lagrange equations) are
classical equations that we already know (the Maxwell equations for the fields, the
Newton equations for the charges)

2. Turn the Lagrangian into a Hamiltonian through the standard Legendre transform

3. For matter described by positions and velocities, we quantize as usual, converting the
position into the position operator, and the momentum into the momentum operator
p = —ihV. For fields, which possess an infinite number of degrees of freedom (to
describe the field at all points in space), we will find that degrees of freedom of the
EM field can be conveniently cast in terms of the amplitudes of the normal modes of
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the field. We will find that the independent field modes act as independent harmonic
oscillators, which lead then to a simple and straightforward quantization.

Let us start by finding the Lagrangian of the system of matter and fields. We will do this
in three steps: we will first introduce the Lagrangian of a system of matter in an external
electromagnetic field. Then, we will introduce the Lagrangian of the electromagnetic field
in the absence of charges. Finally, we will derive the Lagrangian describing the interaction
between the charges and the fields.

B.1.1 Lagrangian of matter in an external field

We start by considering the Lagrangian describing a single particle in an external field,
described by the scalar potential ¢(r,t) and the vector potential A(r,¢). We are looking
to find a Lagrangian L(r(t),r(t),t) (dots here denote time-derivative) such that when the
associated action functional

Ly

S[e(t), #(t): ti, ] = /dt L(r(t),i(t), t) (B.L.1)

t;

is stationary, it reproduces the Newtonian equation of motion for the particle in an external
electromagnetic field. By stationary, we mean with respect to a change of the functions r(t), r(t)
To minimize the action, let us consider a small variation of the trajectory r(t) — r(t) + dr(t),
where |dr| < |r|. We can expand the action in this small variation as

ty
S[e(t) + Or(t), £(£) + 0¢(t); tis ] = / dt L(x(t) + or(t), #(8) + r(t), 1)

t;

z/dt (L(x(6),£(6), £) + 6r - VoL + 68 - VL) . (B.1.2)

t;
The corresponding change in the action is then

tf
0S = /dt (6r - VoL + 0t - ViL). (B.1.3)
t;

To simplify this further, expressing everything in terms of the change in r, we may use the
fact that ér = ér, and perform integration by parts to get

t

ty d
. + /dt or - <VrL — VfL> . (B.1.4)

0S8 =dér -V Z 7

t;

The equations would simplify greatly if the boundary terms vanished. In fact, they do. The
reason is that the way the action principle is formulated, the trajectory that makes the action
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stationary must respect the boundary conditions of the problem: that we know the position
and velocity at the initial and final times. Therefore, if the stationary trajectory respects
these boundary conditions, the variation in the trajectory must be zero so that any variation
also respects the boundary conditions. Stated mathematically: or(t;) = dér(ty) = 0. For

ty
0= /dt or - (VrL — jtVfL) . (B.1.5)

ti

This equation must hold for any variation ér. The only way this is possible is if the integrand
is zero throughout the integration domain. To see this, consider dr = (1,0,0)d(t — tp), with
ti < to < ty. Then we get 0 = 0,L(to) — %&L(to). This holds for any time, and also for a y
or z-directed unit vector weighting the delta function. Therefore,

d

L =—V;iL, B.1.6
\% o ( )

which is the Euler-Lagrange equation.

To find the Lagrangian of a given system is essentially trial-and-error: guess a Lagrangian
and show that the Euler-Lagrange equations result in the equations of motion for the system.
While this may sound circular, the purpose of finding a Lagrangian here is to allow us to
find the Hamiltonian which lies at the heart of the quantum description of the system. Thus,
Lagrangians give a principled way to determine quantized theories of classical systems.

The Lagrangian for a single particle of charge ¢ and mass m in an electromagnetic field

can be found to be )

L= §mi~2 —qo(r(t)) + qA(r(t),t) - I. (B.1.7)
To show this is the correct Lagrangian, let us evaluate the corresponding Euler-Lagrange
equation, showing that it reduces to the Newtonian equation of motion for a charged particle

subject to the Lorentz force law. The left-hand side of the Euler-Lagrange equation is simply
Vel = —qV¢ +q(VrA) - T, (B.1.8)

where it is understood that the dot-product refers to the indices of A and r. The right-hand
side of the Euler-Lagrange equation is given by

d . o d .

@va = mr + @A(r(t), t) - Vir (B.1.9)
which, by application of the chain-rule, gives

d

%VfL =mi+ q0:A + q( - V)A, (B.1.10)

where we have omitted the functional dependence of A, as we will not need to think about
it anymore. We can very clearly see how the electric field arises in this equation, given that
E =-V¢ — 0;A. We need to however expose the dependence on the magnetic field. Let us
look at the term ¢(VyA) - I in more detail. Writing the i-component of this in repeated index
notation, we have that

q(VeA) -1 = q(9;Aj — 05 4i)7j + q(0;Ai)7j. (B.1.11)
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The combination 9;A; — 0;A; appears to be a curl of the vector potential, a magnetic field.
To proceed, it is useful to cast the term we want (¥ X (V x A)); in a form that resembles what
we have just derived. We may write

(r % (VX A))i = €T €m0 Am
= €Lij€kimT O Am
= (06jm — Oim0;1)7;01Am
— 5 (OA; — DAy, (B.1.12)

exactly equal to a term we got from the Euler-Lagrange equation. Therefore ¢(V,A) -t =
g x B+ ¢(r - Vy)A. Equating the left and right hand sides of the Euler-Lagrange equations
then yields

mi = q(E+r1 x B), (B.1.13)

as desired.

In many cases, we have not just one particle, but many (/N), in external electromagnetic
fields. The arguments of this section can easily be generalized to show that the Euler-Lagrange
equations still apply for each particle independently, and that the Lagrangian is the sum of
the Lagrangians of each individual particle. In other words

L= Z Smit? — qi(vi,t) + giA(ri, t) - B (B.1.14)

B.1.2 Lagrangian of the fields without sources

We now move to derive the Lagrangian of the free electromagnetic field. Let us consider for
simplicity the electromagnetic field in the absence of sources. Unlike matter, which have
well-defined locations, fields are spread out over all space. As a result, the Lagrangian of some
field, ¢, is typically expressed in terms of a Lagrangian density, £ via

/d3r Lp(r,t),0,6(x, 1)), (B.1.15)

where we have taken the field to be in three spatial dimensions, as is the most common
scenario. We have assumed the Lagrangian to be a function of both the field itself and its
derivatives, labeling a generic derivative (time or space), as d,¢. The corresponding action is
expressed as

S[¢] = /d4:p L[¢(r,t), 0,0(r,1)], (B.1.16)

with d*z = d®rdt. Fields, like matter, are also subject to a principle of stationary action.
Thus, the field is that which leads to 65 = 0. Let us consider an arbitrary variation of the
field ¢ — ¢ 4+ d¢. The action can then be expanded in this variation to first order as

Sto+00] = [ d's Llo(r.0) +00.0,0(r.0) + 5(0,0)

zS[(ﬁ]‘i—/ <5¢6¢+5(3t¢) (%ib) IV r¢) oL ) (B.1.17)
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where

oL E< oL oL oL ) (B.1.18)

O(Vrd)  \0(0:0) 0(9y0)’ 0(0-¢)
in Cartesian coordinates. To proceed, we need to consider boundary conditions for the fields.
Regarding spatial boundary conditions, let us assume that the fields either vanish at infinity,
or that the fields are enclosed in a large box with periodic boundary conditions. Similarly,
we will apply the same temporal boundary conditions. Whether the fields vanish or are
periodic, one can show that the boundary terms in the integration by parts vanish. Therefore,
it immediately follows that the variation in the action is

(. oL oL o
55-/dm6¢(6¢ %500~ Vr a(vr@') (B.1.19)

By an argument similar to the one used to derive the Euler-Lagrange equations for matter, it
follows that for the action to be stationary for any d¢, it must be that

oL oL oL
9 Vo) 2 aae)

(B.1.20)

which is the Euler-Lagrange equation for fields.

Let us now apply this to the case of electromagnetism in (non-magnetic, non-dispersive)
material media. The Lagrangian of the electromagnetic field, described by a scalar and vector
potential, turns out to be

Lip, A, 9,A] = ?/d% B2 — B2 = ?/di”r (Vo + A2 —A(V x A2 (B.1.21)
This Lagrangian looks considerably more complicated than the one we derived above for a
single-component field due to the dependence on multiple fields (¢, A), as well as due to the
vectorial nature of the vector potential. However, from the standpoint of the derivation of the
Euler-Lagrange equation, all that has happened is that the number of degrees of freedom is
larger. We can think of the Lagrangian as

L[, 046, Aw, 0, An, Ay, 0, Ay, A, 0, AL (B.1.22)

And the Euler-Lagrange equations will apply separately to ¢, A;, Ay, A..

First, let’s find the equation for the scalar potential. Noticing that the Lagrangian does not
depend on ¢ or 0:;¢, but does depend on its spatial gradient, we see that the Euler-Lagrange
equation generated from the potential is

VeV + 0V - (eA) =0, (B.1.23)

which is in agreement with Eq. (3.1.7) in the absence of sources.

Now, we need to obtain the equations from differentiation with respect to the vector
potential and its derivatives. There is no dependence on the vector potential itself, only its
derivatives. Differentiating with respect to the time-derivative of A, the s-component of A,
gives

oL
0(0:As)

= €oe(01As + 0s¢) = —€peEs = — D, (B.1.24)
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with D the displacement field.
Now, we must differentiate the Lagrangian with respect to the spatial derivatives, which
is complicated by the presence of curls. The term to evaluate for the equation for Ay is
oL

O 55 A (B.1.25)

In repeated-index notation, the term in the Lagrangian density associated with the magnetic
field (modulo epc?) is
1
—§eijkeilm(8jAk)(81Am). (B126)
Noting that the 0;A; are independent degrees of freedom, it follows that g((giii )) = 0;r0js. It
follows that the derivative (Eq. 5.1.25) of Eq. (5.1.26) is simply

GsmﬁilmaralAm = (V x V X A)S. (B.1.27)
Therefore, the equation for the vector potential is

VXV xA+ C% (02A + V,0) =0, (B.1.28)

which is Eq. (3.1.8) in the absence of sources. We have thus proven that the Lagrangian of
Eq. 5.1.21 is in fact the correct Lagrangian of the field.

B.1.3 Interaction Lagrangian

Now let’s consider the influence of interactions between matter and light. Actually, there’s
not much to consider. In Section 5.1.1, we derived the Lagrangian describing matter in
electromagnetic fields, thus implicitly taking into account the interactions between matter and
fields. The only real change is one of perspective: the fields are now degrees of freedom, rather
than fixed, external entities, and therefore are subject to time-evolution. The Lagrangian of a
system of N matter in an electromagnetic field is thus

N
1
L= smi = qudrit) + GA(rit) -+ 5 [ Pr d(Vo+0A)" = (V x A)|
=1

(B.1.29)

This Lagrangian does not change the equations of motion for the matter, as the field

Lagrangian does not depend on the particle degrees of freedom. However, the term representing

the interaction between matter and fields: —g;¢(r;, )+ q;A(r;, t)-; do change the equation for

the fields. To find the change to the field equations however, we need to find the Lagrangian

density associated with the interaction terms, and cast these terms as integrals. This is done
by introducing integrals, so that the interaction terms become

/ & — gi(rn, 3 — 1(8)) + gsA(vi, £) - £:6(r — 1:(8))

= /d3r —p(r,t)o(r,t) + j(r,t) - A(r, 1), (B.1.30)
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where we have introduced the charge and current densities.
Differentiating the Euler-Lagrange equations for the fields gives

V-eVo+0,V-(eA) = —p/eg (B.1.31)
for the scalar potential equation and

VxVxA+ c% (02A + V,0) = —poj (B.1.32)

for the vector potential equation. These are exactly the same as the Maxwell equations with
sources that we derived earlier. With this, we have the full Mazwell-Newton-Lorentz system
of equations that classically describes light and matter

mi = q(E+1 x B)
V-eVo+ 0V - (eA) = —p/eo
€ .
VXV XA+ (07 A+ VIp) = —puoj- (B.1.33)

B.1.4 Hamiltonian of the matter and the fields

As our ultimate goal is a quantum theory of matter and electromagnetic fields, as because
the Hamiltonian is the central quantity of that theory, we must derive the Hamiltonian
corresponding to this Lagrangian. As you will remember from mechanics, the Hamiltonian
H(p, q) corresponding to a Lagrangian L(q, ¢) is obtained by the Legendre transform:

H=npj—L, (B.1.34)

where p, the canonical momentum, is defined as

oL
= —. B.1.35
P= % ( )
For the matter, the canonical momentum can easily be seen to be
p = mv + gA. (B.1.36)
Meanwhile, for the fields, the canonical momentum is
oL
II(r) = — = -D. B.1.37
() = =% (B.1.37)
The Hamiltonian then follows immediately as
H = Z GiA(r:)’ +qio(ri,t /d3 2(V x A)2. (B.1.38)

While this answer looks quite clean, there is a serious complication associated with it. It
has to do with the fact that matter and field degrees of freedom are mixed together. For
example, the vector and scalar potentials in Eq. (5.1.33) are mixed together. Additionally, the
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Hamiltonian of the field mixes the scalar and vector potentials through II. This complicates
analysis greatly, and thus we at this stage make a choice of gauge that eliminates this mixing.
From now on, we will assume to be in the generalized Coulomb gauge introduced in

Chapter, 3 so that
VeA=0] (B.1.39)

This choice of gauge leads to two major simplifications. The first is that the scalar potential
is completely determined by the matter (as there are no homogeneous solutions to V - eV =
—p/e€o that carry an electric field). Therefore, the scalar potential is actually a particle degree
of freedom. The scalar potential is given in terms of the Green’s function of the Laplace
equation as

L
P(r) = o Z%’qu(r, r;) (B.1.40)
i1

The second thing is that we can define the canonical field momentum without the scalar
potential. This is because the canonical field momentum came from deriving a term like

/ Pr (A2 +2A - Vo + (Vo)2). (B.1.41)

But, if V- €A =0, then [ d®r €A - V¢ = 0 because it is an integral of a dot product between
a curl-less and divergence-less function. Meanwhile, we can write the third term as

/ dr eV Vo = / dr — ¢V - eV = / &r pe. (B.1.42)
Therefore, re-defining the canonical momentum for the field as II = €pe(9;A), we can write
the Hamiltonian as:

N N ,
o (P @A(r)? 1 0 [ 4 T ; ;

ij=1 €
This is the final form of the Hamiltonian of light and matter. As a note, while the Hamiltonian
“should” be written in terms of position and momenta, as we have above, it is very common to
see the Hamiltonian with the field momentum expressed in terms of the vector potential, in
order to keep a small number of variables in the Hamiltonian. Thus, the form we will state in
practice is

2m

N N
_ (Pi —qiAi(r:)* 1 o e O B A A2
H_Z ] 260 E QzQJG¢(rur3)+ 5 r E( t ) +c (V X ) .
i=1 v ij=1

(B.1.44)

B.1.5 Electromagnetic modes as degrees of freedom of the radiation

The Hamiltonian form of classical electrodynamics exposes that the non-redundant degrees of
freedom are the system are the positions and momenta of the matter, the vector potential,
and its time-derivative. The vector potential carries an infinite number of degrees of freedom,
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as a result of the fact that the fields are defined at every point in space. This is cumbersome,
and it would be ideal to have a simpler (but still infinite) set of degrees of freedom by which
to describe the electromagnetic field. The mode expansion technique of Chapter 3 provides us
with just that.

Recall that: for a time-dependent potential satisfying the generalized Coulomb gauge
condition, we may expand the potential in terms of the modes of the source-free Maxwell
equations as:

)= Ap(t)Fn(r). (B.1.45)

Here, we will take A, (t) to be purely real coefficients, and F,,(r) to be real-valued modes.
This can be done without loss of generality in lossless non-magnetic systems' Later, we will
show that this assumption was unnecessary, and that everything we will derive will hold for
complex modes as well. But this makes the initial derivations very easy.

Let us see how the Lagrangian and Hamiltonian of the electromagnetic field without
sources looks like under this mode expansion. Plugging this into the Lagrangian, and using
orthonormality, we immediately find that:

L= 620 3 (A2 - w2A2> . (B.1.46)

The second term arose from moving one of the curls to the other side and making use of the
Maxwell eigenproblem. The Lagrangian has now been recast as a function of A, and A,,,
suggesting that the mode coefficients, A,,, are the canonical coordinates of the electromagnetic
field. For each n, then we have as the corresponding Euler-Lagrange equation:

Ap+wiA, =0, (B.1.47)
The corresponding Hamiltonian is:
€0 .
H=2%" (Ai + w,%A;i) . (B.1.48)

n

Expressing H in terms of the canonical position A4, and momentum eyA,,, we have that

H = Z < + eownqn> : (B.1.49)

This is clearly the Hamiltonian of a set of harmonic oscillators associated with each mode.
The frequencies of the oscillators are the modal frequencies w, and a “mass” €.

The result we arrived at, although very simple, is extremely important. It says: The time-
dependent amplitudes of the modes behave in exactly the same way as a harmonic
oscillator. In the quantum theory, the mode amplitudes act as independent
quantum harmonic oscillators.

Tt is a consequence of € being real that all of the modes can be chosen real. It can be immediately seen
that if F is a mode of Maxwell’s equations with frequency w, it is also the case that F* is also a mode with
the same frequency, meaning that F & F* are both modes, which are purely real. This also means that for a
non-degenerate mode, it is real. While for a complex mode, it must have a degenerate partner which is its
conjugate. This situation also happens in the Schrodinger equation.

141



This point holds not just for electromagnetism, but other wave equations, such as acoustic
wave equations, hydrodynamic wave equations, and relativistic wave equations for fundamental
particles. In fact, the statement in the box is the fundamental principle of quantum field
theory.
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Appendix C

Time-evolution in quantum
mechanics

C.1 Time-evolution of quantum systems

In order to describe the quantum interactions of light and matter, we will begin by reviewing
the fundamental mathematics which govern the evolution of general quantum systems. Then,
we will develop a framework of perturbation theory which is most useful for our purposes.

A highly general quantum mechanical system with Hamiltonian H (¢) can be described as
the unitary time-evolution of a state vector |¢(t)) via the Schrédinger equation

iy (1)) = H(t) [(1)) - (C.1.1)

We can then define the unitary time-evolution operator U(t,t") to express the time-dependent
state [1(t)) in terms of the state at a previous initial time ;¢ as

[(8)) = Ut tinat) [¢ (tinat)) - (C.1.2)

As a brief reminder, the unitary time evolution operator satisfies a few simple but important
properties:

1. U(t1,t1) = 1, where 1 is the identity operator — letting no time pass will not evolve the
state

2. U(ts,t2)U(te,t1) = Ul(ts,t1) — sequential time evolution
3. U(tl, tg) = UT(tl, tg) — unitarity.

The time-dependent Schrodinger equation can then be equivalently formulated as an
equation for the unitary time-evolution operator,

WU (t, timit) = HOU (L, tinit)- (C.1.3)

This has the benefit that it removes reference to the time dependent state |¢(t)), allowing us
to work with operators.
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We will now “solve” this equation in a self-consistent manner. We begin by formally
integrating both sides of the operator equation:

¢
ih / dt" OU (¥ tinit) = ih(U (t, tinit) — U (tinit tinit))

tinit

t
= / dt' HEYU ' , tinit)- (C.1.4)
Linit

Using property 1 from above, we may then write

t
1
Ut tin) =1+ <ﬁ> / dt' HU( , tinit)- (C.1.5)
i
tinit
We have converted a differential equation into an integral equation, since U is expressed
in terms of itself through an integral. Although this will not provide us with an analytical

solution, it will provide a form useful for further theoretical analysis. To derive this form, we
plug the left-hand side of the equation into the right-hand side, which gives

Ut tinie) =1+ <zlh) /t dt’ H(t')

tinit
t t/
1\2
+ (Zh) /dt’ / dt" Ht"YH"U (1", tinit)- (C.1.6)
tinit tinit

Doing this ad infinitum, and relabeling the times by numerical indices (¢1,t2, . ..), we immedi-
ately have

ti—1
(o] n 1
Ut tii) =3 (] <m> /dti Ht) | (C.17)
n=0 \i=1 tinit

where tg = t. We now have U in terms of an infinite series which depends only on the
Hamiltonian which we know. Eventually, we will invoke perturbation theory to show that we
can learn an incredible amount even from the first few terms. To work toward this goal, we
can do a few things to make this expression even nicer. It would be convenient if all of the
upper limits were the same, so that manipulating the integrals was less cumbersome. This
can always be done by extending the limits of integration, and then introducing heaviside
step functions into the integrand to restrict the integration range. Rather then going into it
in great detail, we will just state the final result, and we encourage you to check that it is
equivalent to the previous formulation. Consider a term

t t'nfl
/dtl"' / dtn, H(ty)---H(ty). (C.1.8)
tinit tinit
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We claim that it is equal to

t tnfl
1
[ dne / dt, T[H(t1)-- H(ty)], (C.1.9)
tinit tinit

where T is the time-ordering operator, which is defined such that “operators at earlier times
go to the right of operators at later times.” For example, if A(t) is some operator, and
to > t3 > t1, then the action of the time ordering operator is

T [A1 (t1) As(t2) A3 (t3)] = As(ta) As(ts) Ay (1) (C.1.10)

In order to avoid thinking about case work for all possible orderings of times, we can instead
use the heaviside function 6(t) to enumerate these cases as

T [A1(t1)A2(t2) As(ts)] = Ax(t1)Aa(t2) As(t3)0(t1 — t2)0(t2 — t3)
+ permutations of 1,2,3. (C.1.11)

From here, one can use this type of reasoning to compactly write the series expansion for the
unitary evolution operator as

t n t
1 1 )
U@MMZTZ;Uih/ﬁ%mU :Tmp—;/dﬁmw. (C.1.12)
n=0 " tinit tinit

The right-hand side is called the time-ordered exponential. It is important to note that so
far, we have made no approrimations. In the formal sense, this series solution for the time
evolution operator is exact. This series representation of the time-evolution operator is a
simple result with a myriad of useful applications, and is applied throughout almost the
entirety of the text.

Simplifications of the time-ordered exponential

Before applying this expression to derive perturbation theory, we should briefly mention two
special cases of this expression. First, consider the case in which the Hamiltonian commutes
with dtself at later times: [H(t), H(t')] = 0 for all ¢,¢ (this is not common for time-dependent
Hamiltonians). In that case, it follows that the time-ordering is ineffectual: all orderings of the
Hamiltonian operators are exactly the same. Another way to say this is that the time-ordering
operator is the identity, and can thus be ignored. The unitary time-evolution operator is then

t
mezm—é/WMﬂ- (C.1.13)
tinit

The second important case is that in which the Hamiltonian is time-independent. Then,
the time-ordered exponential reduces to the well-known expression

GH(t — tim-t)] |

- (C.1.14)

U(ta tznzt) = €Xp |:_
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The interaction picture

We should mention yet another useful representation of the results developed above.
Suppose we express the Hamiltonian in the form H = Hy+V, where Hy is some Hamiltonian for
which we know the corresponding unitary time-evolution operator Uy, and V' is a Hamiltonian
we know less about. This situation comes up centrally in perturbation theory, which we take
up in the next section. We may then write the time-dependent Schrodinger equation for the
unitary time-evolution operator as

ihoU = (Hy + VU, (C.1.15)

where we now omit the time-labels, leaving them implicit. Now, let us factor the evolution
operator as U = UyUy, where 1ho;Uy = HyUy, and Uy will be called the interaction picture
time-evolution operator. It follows immediately that

ihdUr = U VUU;T = ViUy, (C.1.16)

where V7 is the V' operator in the so-called interaction picture. It should be clear that because
this equation is the same as the one we started with in the beginning of this section, the
solution is:

Up = Texp [—; /dt’ v,(t’)] | (C.1.17)

With these fundamentals established, we can move on to develop a key analytical tool of
quantum mechanics: time-dependent perturbation theory.

C.1.1 Time-dependent perturbation theory

The quantum dynamics of most Hamiltonians cannot be solved for anlytically. Therefore,
we must turn to approximate techniques to study the dynamics of quantum systems. An
extremely powerful and versatile technique to approximate the dynamics of quantum systems
is time-dependent perturbation theory, which allows us to solve for the time-dynamics of
a system approximately, provided that the Hamiltonian can be decomposed into the sum
of an exactly solvable part plus a small correction. While this may sound artificial, it is
fortunately not, and perturbation theory is perhaps one of the most useful tools in quantum
mechanics. The premise of perturbation theory is simple, and the time-ordered exponential
has perfectly set the stage for this development. We learned from the last section that the
unitary time-evolution operator for a general quantum system with Hamiltonian H = Hy 4+ V'
can be written as

ot

i

Ult,to) = Up(t, to)Ur(t, o) = Uo(t, to) x T exp —h/dt’ Vit | . (C.1.18)

to

We will often call Hy, Uy, and the associated eigenstates of Hy unperturbed quantities. The
utility of the interaction picture is that it isolates the part of the Hamiltonian which we still
need to understand the effects of. The associated probability that the system is in some
eigenstate |f) of the unperturbed system at time ¢ is then simply

[{FlU(t)li) I = [ {fIUI(t 1) ]3) I, (C.1.19)
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since the action of Uy on |f) is simply to produce a phase. In many problems in perturbation
theory, we are interested in scattering probabilities, which tell us the probability that a system
in state |¢) has changed, or “scattered”, into state | f). We quickly note an important additional
piece of terminology, which is that U; is often called the “S matrix” or “scattering matrix”,
and its matrix elements are called S-matrix elements. We will use this terminology almost
exclusively.

For physical context, we list a few examples of processes which can be described this way

e An excited atom or molecule relaxes to a lower energy level, producing a photon
e A photon incident on an atom or molecule is scattered into a different direction

e An electron in a semiconductor absorbs a photon, exciting the electron from the valence
band into the conduction band

We also often formulate this problem in terms of transition rates, which tells us the rate at
which these scattering probabilities change. In other words, we consider some physical process
defined by initial and final states, and then compute the rate at which this process occurs.
The program of perturbation theory for computing these rates is then simple: we Taylor-
expand the time-ordered exponential, and find transition rates at whatever order is needed to
accurately describe them. In practice, orders higher than two (counting from zero) are rarely
considered, as most processes happen to leading order at first or second order in the Taylor
expansion. And if higher orders are still needed, it is either for extremely precise predictions

(in excess of 8 decimal places of accuracy, which is outside of our scope) or a different method
should be found.

First-order scattering amplitude and transition rate

First, we discuss first-order perturbation theory — in other words, processes described by the
first order term in the time-ordered exponential expansion. Consider a system starting in an
eigenstate |i) of the unperturbed system. At first-order in the Taylor expansion, the S-matrix
element describing the state |i) scattering into an orthogonal final state |f) is given by

T T
‘ Vi e Ve
Sps = —;/dt’ IV iy = "7 /dt’ et = I (9Tsine (wpT)) . (C.1.20)
=T -T

Regarding the limits of integration, we have simply redefined ¢ such that t —tog = 27", where 2T
is the interaction time interval, and shifted the origin of time so that this interval is centered

around time zero. Recall that the sinc function sinc(az) = % is extremely sharply peaked

around x = 0 for large a (and sinc(0) = 1). For very large times then, the only probabilities
that are significant are energy-conserving ones: wy = w;. Another point to mention is that
o0
2 [ dz sinc(ox) = 1. Therefore, in the limit of long times, which is of most interest 7" > w%w
—00
we may say that 27T'sinc(wp;T) = 27w (wy;).
Squaring the S-matrix to obtain a probability, we have that the transition probability, Py;

satisfies: v |2
Psi = |Sp)? = %(%)252(%)

_ vl

=5 (2m) 6 (ws:)8(0), (C.1.21)
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where we have used the delta function identity 6(z — a)o(f(x) —b) = é(x — a)d(f(a) — b),
where f(z) = x. If you've never seen §(0) before, don’t freak out. Remember how we got the
delta function: from the integral of an exponential over finite limits of integration. In other
words, §(0) should be understood as

2T

o (C.1.22)

[d
t
5(0) / oo —
27
-T

You should not be too stressed about the fact that we used a delta-function identity for
something that wasn’t really a delta function due to finite limits of integration. That identity
generally sharply peaked functions. We will do these kinds of manipulations often, so we
encourage you to try this with the sinc functions directly and convince yourself it works out
the same way in the desired limit.

With those disclaimers out of the way, the transition probability is given by

27
Pyi = (21) 15 [Vyil8(wps). (C.1.23)

The transition probability is directly proportional to the interaction time, 27". We define the
average transition rate as I'y; = 2—%’ Finally, we are often not only interested in the rate of
transitions into one final states, but all possible final states, denoted I';. This is often called
the decay rate or transition rate of the state i. We note that it is conventional to drop the ¢
subscript, as it can be inferred from context which state is the initial state from the matrix
element. Noting that I' = > I'4;, we have that

f

2w
F=23 > ViilPo(wyi). (C.1.24)
f

This formula is called Fermi’s golden rule, and is perhaps one of the most used formulae
in quantum mechanics. It is a workhorse formula in atomic and optical physics, condensed
matter physics, quantum field theory, and many other areas that rely on quantum mechanics.

Before moving on to second-order scattering probabilities and transition rates, we should
quickly mention a corollary of the considerations of this section. What if our initial state is
not prepared in an eigenstate of the Hamiltonian, but is instead prepared in a superposition
of eigenstates |i) = > ¢ |k) 7 The associated scattering probability to a final state f is then

k

given by:
Spi = kS (C.1.25)
k

As probabilities are the squares of these quantities, it is immediately clear that there is a
possibility for different terms to interfere via cross-terms.

Second-order scattering amplitude and transition rates

A number of important physical processes are described at leading order in second-order
perturbation theory. Examples of such processes include the scattering of light by electrons
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(Rayleigh, Thomson, and Compton scattering), as well as two-photon absorption and emission
processes, which are fundamental processes of nonlinear optics. The evaluation of a scattering
probability in second-order perturbation theory is in principle a straightforward extension of
the considerations of the previous section: we simply expand the unitary evolution operator
U; to second-order. There are a few new steps which are involved, so we outline them here.

The S-matrix element Sy;, assuming an initial eigenstate |i), and a final eigenstate |f), of
the unperturbed Hamiltonian, is given by

N
i = % (-;) /dt’dt” (FIT Vi )Vi ("] [d). (C.1.26)

The time-ordering can be expressed equivalently (by virtue of its definition) as

(2) 1 4 ? r I3 / " / " " / " NIs
SR =35 <—h> /dt dt" (F10(t — YWVit)Vi(t") + 0" — Vi )WVi(t)]i).  (C.1.27)

We focus on the first of the two terms, as the second is evaluated in the same way. To put the
expression into a convenient form, it is useful to insert a complete set of eigenstates of the
unperturbed Hamiltonian, so that we instead evaluate

N2 T
;zﬂ: <—;) / dt'dt" Ot — ") (Vi () n) (n|Vi(#")|i). (C.1.28)

If the unperturbed Hamiltonian is time-independent, the time-dependence of the matrix
element reduces the previous expression to

T
1 i 2 . I ”
L () fatar oo, cam

We see that the integral is something like a Fourier transform of the Heaviside step function.
This integral may be evaluated by means of a famous formula which is the contour integral
representation of the step function.

dw e—w(t'—t")

O(t' —t") = — lim

_— 1.
n—0 ) 2w w+in (C 30)

Plugging this formula in, and extending the limits of integration from —oo to co yields

.\ 2
. ? anvm

It is simple to verify that the second term in the time-ordering is identical. Therefore, the
S-matrix element at second order is given by
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Squaring the S-matrix element to obtain a transition probability, handling §(0) the same way
as in the previous section, and summing over final states, immediately yields Fermi’s Golden

Rule at second order:
MY i
Win, + 10

The limit 7 — 0 is implicit. You might wonder why the denominator is being made slightly
complex. It is to handle an important case of second-order perturbation theory: resonance,
i.e., when for some intermediate state or virtual state n, wy; = 0 (and by energy conservation
wen = 0). We will not consider this case here. We will simply content ourselves by mentioning
that when resonance happens, the decay rate is essentially that of two sequential first-order
processes: from 7 to n at first order, and then from n to f at first order. This is important in
the consideration of elementary physical processes such as resonance flourescence and radiative
cascade.

S(wpi)- (C.1.33)

Energy shifts in time-dependent perturbation theory

In the previous two sections, we looked at S-matrix elements between different final states. This
leads to a natural question: what about when the two states are the same? It turns out that
these elements of the S-matrix lead to energy shifts. You may remember from an elementary
quantum mechanics course that energy shifts are typically evaluated in time-independent
perturbation theory. We will now show how to evaluate them in time-dependent perturbation
theory, and that this yields the same results as from time-independent perturbation theory.
The main advantage of evaluating energy shifts in time-dependent perturbation theory is
economy of formalism: we can now use a single method (time-dependent perturbation theory)
to evaluate all perturbation theory quantities of interest.

To see that elements like S;; are related to energy shifts, consider S;;(T,—T) up to
second-order in perturbation theory, a la Equations (15) and (27). Restoring the zeroth order
contribution, we can write

i (T, T~1— 2T 2 =1- ——-, 1.34
Sl ) hzhwm+zhn ) h (C.1.34)

where we define an energy shift 0 F as

E=V; ———— C.1.35
+ Z hwin + 1hn ( )

. . ; _8E(2T) . .
Noting that for small changes in energy, 1— % ~e ~ rn ,and recalling that the S-matrix

represents time-evolution in addition to the unperturbed Hamiltonian we see that in that case,
the evolution of the initial state can then be approximated by e~ . We may then

claim that the effect of the perturbation is to shift the energy of the state |i > by an amount
given by Equation (35). You may recognize that that energy shift is exactly the one derived
through non-degenerate time-independent perturbation theory. There is one additionally
interesting thing to note. In the second-order contribution to the energy shift, we again see
the possibility of resonance for some intermediate state |f). Evaluating its contribution to
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the energy shift by contour integration will yield a complex energy, whose imaginary part is
given by (half) the decay rate given by Fermi’s Golden Rule at first order in perturbation
theory. In other words, decay leads to ”complex energies”, very roughly speaking.

Eigenfunction shifts in time-dependent perturbation theory

You may remember that in time-independent perturbation theory, shifts in the eigenfunctions
can also be calculated. We can also do it in time-dependent perturbation theory. Consider a
state which starts at time —7 in an eigenstate |n) of Hy and a perturbation V' is turned on.
We will assume there is no degeneracy between discrete states. The resulting state at first
order is

9(t)) = Uo(t. to) 1+Z.1h/dt’V1(t’) n) (C.1.36)
-T

Expressing Vi = Ug VU, and inserting a complete set of states, we have that
. ¢
_ —iwnt Wmnt
() = ¢ )+ L Ui(tto) [ 3 et Vo). (C.137)
T m

Regulating the interaction by turning it on slowly with a time-dependence e ", with 7
infinitesimal, we have:
(1)) = @D (1= on gy ) iom(erD) § Yoy (C.1.38)
h hw

men mn
Where wehave dropped the complex infinitesimal in the denominator on the assumption
of non-degeneracy. The third term follows from the considerations of the previous section.
Approximating the terms in parentheses as an exponential as in the previous subsection, we
have

|w(t)> _ e—i(wn—i—vzn)(t—i-T)‘n) + eiwm(tJrT) Z %]m) (0139)

men nm

The first term is the initial state with the first-order energy shift. The second term is the
static eigenfunction shift from first-order time-independent perturbation theory.
C.1.2 Worked examples of transition rates

In this section, we will do a couple of examples of transition rate problems, which will (a) give
you a clearer idea of how the formulae developed here are applied, (b) be of great relevance
later in the text, and (c¢) impress upon you that some very important phenomena can be
explained as decays.

Quantum theory of friction (two-level system coupled to harmonic oscillators)

Let’s consider a two-level system which is coupled to many harmonic oscillators all of mass m.
This problem comes up a lot in the quantum theory of damping (friction), as well as in atomic
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physics, when considering spontaneous emission by atoms. Let us assume that the two-level
system has an energy difference between the excited and ground states of fwg. Let us also
assume that the oscillators are labeled by a one-dimensional continuous index k, and that the
oscillators have a continuum of frequencies wy. Let us further assume that the interaction
is between the o, operator of the two-level system and the position operator of each of the
oscillators, with an overall coupling scale a;, such that the Hamiltonian for this system is:

1 1 h
H = S hwo + zk: hwp, <a;ak + 2) + Zk:aj, /m(ak +al)o,. (C.1.40)

We may readily observe that the first two terms of the Hamiltonian correspond to a system
which we may readily diagonalize. The eigenstates are of the form

lg)Inang -+ ), |e)lnang - - - ), (C.1.41)

with COTI‘GSpODdiDg energies

Note that as the zero of energy may be shifted arbitrarily, we can shift every state down by
> %hwk, even though for a continuum, this is infinite. We thus identify the first two terms of

t]ile Hamiltonian as Hy, the unperturbed Hamiltonian. The perturbation, V', is simply the
third term. It’s effect vanishes when a; = 0 for all j.

Suppose the initial state of the system at time 0 is |e)|0- - - 0). In other words, the two-level
system is in the excited state, and the harmonic oscillators are all in the ground state. To
determine possible decay pathways at first order, we ask: what states can the interaction
Hamiltonian take the initial state to. Apply V to this state. o, flips |e) to |g). The sum of
creation and annihilation operators promotes the vacuum of oscillators to a superposition of
states where each state individually has an excitaton of the oscillator. Therefore, a suitable
basis of final states is of the form

lf) =19)[01---0;—11;0;_1---). (C.1.43)

Simply transcribing equation (24), and evaluating the matrix elements of the harmonic
oscillator, we see that the transition rate is

2
_ 2m o

— eq — Wi). .1.44
7 - Qmwjé(wg WJ) (C )

The continuous sum can also be written as an integral using the notion of density of states.
The density of states p(w) = % represents the number of states d/V in an interval of energies
hdw centered around energy Aw. It’s integral represents the total number of states. The decay
rate may then be written as

™ 042 W
I'= %p(wg) (o)

. 1.4
2muwg (C )
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