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Blackbody radiation

Nick Rivera

Contents

I. Radiation by a blackbody 3

In this lecture, we will consider the statistical mechanics of the electromagnetic field itself. Suppose
that we are in vacuum. We know that it is possible for electromagnetic waves to propagate in vacuum
in a manner consistent with Maxwell’s equations. Recall that in free-space, Maxwell’s equations for
the electric field E(r, 7) are simply

Xl 2 a 2 s ’
admittil‘lg complex plane-wave Solutjons Of the fonn

E(r, 1) = Ay g e™ g, )

In this solution, Ay 3, is the complex amplitude, k is the wavevector, wy = ck is the corresponding
frequency with k = |k| and & is a polarization vector. The polarization vector is constrained by
Gauss’ law to satisfy k- & = 0.

An arbitrary spatiotemporal electric field may be expanded in these plane-wave solutions as
E(r,1) = ) Auge™ i, 3)
K, &

In what follows, we will consider the light to be confined to a large cubic box of length L and impose
periodic boundary conditions on the electromagnetic field. The boundary conditions do not matter
when describing local thermodynamic properties, as they did not for phonons, but this is a useful
device for counting electromagnetic modes. Using these periodic boundary conditions, the allowed
wavevectors satisfy

2r
k= -Z(mx, my, my), @

where m,, , are integers.

Let us now assuming that light is in thermal equilibrium at temperature T. We defer for later
the question of how light might be in a thermal equilibrium state. The partition function of the
electromagnetic field is simply Z = ¥, e##®) where 4 are the allowed microstates and H is the

i
Hamiltonian. The Hamiltonian is simply given by the electromagnetic field energy as
H=3 f PrE@, 1 + B, 17, 6)

where B(r, 7) is the magnetic field corresponding to the electric field. This is a quadratic Hamiltonian
corresponding to a linear wave system, and therefore, we expect that we can write the Hamiltonian
in terms of normal coordinates as

1
H=> kz Pl +wi0f .. Q)
+€k

I will omit the derivation of how this form is arrived at, since it does not matter for our purposes.
‘We may perform a quantization of the electromagnetic field Hamiltonian by defining creation and
annihilation operators, leading to the same result as for phonons.

H= Z hwkal,a‘ak,gk. 7
k&



In other words, the electromagnetic field in vacuum is simply a collection of oscillators: one for each
mode which is labeled by a wavevector and a polarization state. If there are N, possible wavevectors
(this value is countably infinite, but assume we apply a wavevector cutoff), then there are 2N, possible
electromagnetic modes with the factor of 2 arising from polarization degeneracy.

With this, we may at once write the partition function as

— 3 Bl
a= I—[ 1 — gBhwx” ®
Its logarithm is
mzZ=-Y" (%ﬁhwk +In(1 - e‘ﬂﬁwk)). ©)

ke

Notice that due to polarization degeneracy, there is no dependence of the summand on the polarization
vector and so this may also just be written as

InZ = —ZZ(%ﬁhwk +1In(1 —e'ﬁh“*)). (10)
k

From this, we may calculate the internal energy of photons in the thermal equilibrium state as

3]1‘12 hion, hwy,
. _Zhwk+2zeﬁm_ _Ezp+2zeﬁﬁw‘ (1)

The term E,p = 3, Aiwy is an infinite constant that has no effect on the thermodynamic properties of
k

the system. The second term may be evaluated by converting the sum into an integral in the same
manner we did for phonons, leading to

2V [ s, ek ) hck
E-Eup= g | @b = fdkk St 12)

where I have used the spherical symmetry in the integrand to reduce the three dimensional integral to
a one-dimensional one. Making the change of variables x = S#ck yields

kgT va? (kT
E-E,,= 2(h )kBdex _li(hc)kBT 13)

The energy is proportional to the volume (as is expected from extensivity) and is quartic in the
system temperature.

The corresponding pressure may be derived the the derivative of the free energy as

kT 7o 1 f &k hiwy + 2pT In(1 — e Py = P, —

P= v @)}

f d®k 2kpT In(1 — ePhox),

(14)
The first term is an infinite constant which does not lead to any mechanical response in vacuum
because only pressure differences lead to forces. This is a uniform (albeit infinite) pressure. In
systems which have material boundaries, the pressure will vary spatially but the infinite part will
always cancel out. The second term may be evaluated as

L
@y’

o0

P 3
sT (ksT
P-Py, =—’%T fdk K In(1 - ¢ rory = 520 (k— fdxlen(l —e).  (19)
]

w2

We may re-express the logarithmic integral by writing x> = 143 and integrating by parts. The
boundary terms vanish and we may write

PPy = 2L (kBT) f E-by = (kBT) ksT. (16)
0

3n2



|. RADIATION BY A BLACKBODY

Consider thermalized radiation as a photon gas. The thermalized radiation, as we know has an energy

" given by
_ A 3 hwk
E_(2”)3fdkeﬂﬁwk_], a7

where I am omitting the zero-point energy. We may write this in terms of photon frequencies and
directions of propagation via

2V 5 hw

and we could say the energy of photons per unit frequency and per unit solid angle is given by

1 dE- 1  nd
VdwdQ ~ 4mx3cd fho — 1"

19

This quantity can be thought of as an energy density per unit frequency and per unit solid angle of
direction. Let us now imagine the following: suppose we have thermalized photons existing in some
volume. If the boundary of that volume altows light to pass through it, then there is an energy flux
out of that volume. Let us evaluate that. Consider a gas of photons in a volume. The energy passing
per unit area per unit time through the boundary (energy flux), @, is given by

2n /2 o
' 1 dE > 1 2h (ksT\'
= i =< = — =] . @
[0} fd¢fdesm0fdwvdwdg><ccose Irfda) DS a1 60c2( 5 ) (20)
0 0 0

Defining the so-called Stefan-Boltzmann constant o = ’;—2’%, we find
® =0T, @1

such that the power exiting the material volume becomes cAT* with A the surface area of the
boundary.

Now, you may have noticed that 1 did not necessarily say that the power radiated out of a body
at temperature T is given by P = oAT*. I just said that if we have thermalized photons in a
volume enclosed by a houndary of area A, they would transmit an energy per unit time given by
oAT*. Indeed, that power P is only radiated by an blackbody, an idealized system that is capable
of absorbing all radiation incident on it (hence why it is called a blackbody: it would scatter none
of the incident light back to you and thus look black). It follows from a principle of optics called
reciprocity that any light generated inside the body must be radiated out.

Therefore, if we have our material body in equilibrium with the radiation field at temperature T, the
absorbed radiation would be given by the influx of photons from outside of the material, which by
our previous argument is cAT*. However, this must also be equal to the outflux of photons from the
body: otherwise, we would not be describing equilibrium. Therefore the light radiated by our body
must have a power cAT*. This radiation is typically called blackbody radiation.

If our body is not a perfect absorber of incident radiation, it is called an grey body, and must emit
less than a blackbody (because its emission is still equal to its absorption in equilibrium). It emits
less by a factor £ that is called the emissivity.
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AEP 4230: Corrections to the ideal gas law from quantum
statistics

Nick Rivera; dated November 14, 2025

We wish to find an approximate equation of state for non-interacting bosons and fermions at high
temperalure, in the absence of an external potential. In other words, corrections to the ideal gas law.
The discussion here follows from Kardar Section 7.4. on the non-relativistic gas.

Consider non-interacting particles in a cubic box of length L and volume V. The single-particle

. eigenstates are momentum eigenstates [k) with energy g = % If we impose periodic boundary
conditions, then the allowed wavevectors are k = %(mx, my, m;) with m,. y , integers.

We know that in the grand canonical ensemble, we have

1
(N)= Zk: Fad g N

which would allow us for example to find the chemical potential (T, (N}) in terms of the average
number of particles.

The equation of state itself will follow from

PV
=1 =0 — pe—Pla—mhy
T nQ=-g Ek In(1 - 5e ) 2

The leading correction to the ideal gas law at high-temperature is expected to be small because we
know that the ideal gas law works well. Thus, it must be proportional to a smail parameter. That
small parameter is

7=, 3)
[This was written with the incorrect sign in the exponent in class]. For a classical gas, we have
p = kgT InnA?, @

[where, this too, was originally written with the wrong sign]. Therefore in the classical regime, the
fugacity 7 is given as z = nd> < 1, This can be computed to be on the order of 10* for typical
gases at room temperature. This parameter tells us how many particles “fit” in the volume defined
by the deBroglie wavelength A* and is a quantumness parameter. 4 is essentially the length scale
over which a particle can be thought of as a quantum wave, and so if more than one particle is in that
volume, the identicality of particles becomes relevant. For example, since fermions cannot be in the
same state, they also cannot be in the same position, and so if their quantum wavefunctions start to
overlap, new physics should “kick in”.

Writing the number of particles in terms of z gives

1 zePe
Ny = = : 3

( ) ; Z-leﬁ(ek) -7 Zk: 1- lee"ﬂfk ( )

We may write this in a Taylor series in z, anticipating that z <« 1, as
Ny =) 2o Y (e o). ©

k s=0
We may re-arrange the sums as

Ny =) 2pe)' e @)

s=0 k



Converting the sum into an integral, and evaluating the Gaussian integrals which follow, yields !

Ve e V¥ n 2. 1 5. 1 4
N} = FZO (s+1)¥2 " pel e Bt * Pt * Bt T ) ®
=
Similarly, for the pressure, we can use the expansion In(1 — x) = - f} “? to retrieve 2

s=1

PV N S () B Vgt v " 1 .
= - Bays =y piEl Pec — = ol = —— i
TaT ’Izk:;s(nze ) ;Tl . ;e /13;4 <5 = 35\t 3l +35/2z3+45/22

&)
Summarizing, we have the series expansions in z:
3_ n 2,1 5 1 4
nd —<Z+2T/2‘Z +WZ +mz +) (10)
and
2 u 1 5.1 4
kB—T—(Z+ﬁZZ+3—5/—22 +MZ R 1)

where n = (N)/V.

If we keep only the leading order terms linear in z, we get nA® = z = é* which is the classically
expected result from analyzing the ideal gas in the grand canonical ensemble. The pressure then
follows as p = nkpT.

The next leading order correction follows from writing

ndd ~ 7+ 53"/—2% a2)
and

P/13 n 2

kB—T ~Z+ 25TZ . 13)

On the practice problems, you are asked to solve these simultaneously. You should get the result that

p = kT (1- #(mﬁ)). (14)
The physical content of this equation is that because bosons “like” to be in the same state, they have
an effective attraction of a statistical nature: an enhanced. statistical tendency to clump together,
leading to an attraction that lowers the pressure relative to the non-interacting case (just like the
reduced pressure we found when analyzing the classical van der Waals gas!). Meanwhile, for the
fermionic case, the pressure is increases because particles cannot be in the same location, and
therefore there is an effective repulsion between particles leading to increased pressure.

Note that relative to Kardar, we have not included the spin degeneracy g. If that is included, the
right-hand side of the equations for the particle number and pressure are simply multiplied by g, and
the degeneracy parameter becomes nA*/g rather than nA3.

! make sure you fill in these steps if you do the practice problem!
2 Again, work through the steps!
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