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In this part of the course, we move from describing systems in terms of a

macrostate, described by a relatively small number of thermodynamic coordinates

(e.g., temperature, volume, particle number) to considering the complete microstate

of a given system. We will use this microscopic picture to derive the laws of

thermodynamics, giving these laws a rigorous microscopic backing. As discussed

in the first part of the course on thermodynamics, it is essentially impossible be it

analytically or computationally, to follow the dynamical evolution of microstates of

a macroscopic number of particles. Therefore, it may seem a fool’s errand to think

about microstates. However, there are key simplifications that occur which make



it possible to make general statements about microstates that allow us to predict

thermodynamic properties of systems.

1. The thermodynamic properties of systems do not rely on the full dynamical
state of a system: instead, we only need to know the probability that a
system is in a given microstate. Probabilities show up because of a lack of
knowledge about the detailed microstate of the system. As an example of
a system, consider a gas of N particles in a container. The microstate of
the system is described by 6 N coordinates (3N positions and 3N momenta).
In classical physics, the large deal of information required to specify the
microstate (knowing the positions and momenta of every particle in your box
is a tall order!). Therefore, even though the dynamics are deterministic, the
final microstate is random because of the lack of knowledge of the initial

condition.

Therefore, when thinking about a macroscopic system, we will introduce
a hypothetical ensemble consisting of many copies of that system. In the
language of our gas in a container, you could imagine an ensemble of boxes
of the same volume, filled with the same number of gas molecules of the
same species. Each could be imagined as starting in some possible initial
microstate u = (q; -+ qn, P1 - - - Pn)- At some specified time, each member
of the ensemble is in a different microstate, pulled from some probability
distribution of microstates. In statistical mechanics the primary question
is: for a given macrostate M of a system, what is the probability p,,(u) of

microstate u being observed?

2. Relatedly, we are only interested in the probability distribution at thermal equi-
librium. When our system of interest is started from some non-equilibrium
distribution, it will generically equilibrate (there are exceptions). In other
words, after some timescale, related to an interaction timescale, the proba-
bility distribution of microstates will converge to some value. The thermal
equilibrium state should be thought of as a dynamic equilibrium. For any
given member of the ensemble (for example, our gas in a container), the

microstate changes in time.



Of course, in the real physical system we are trying to analyze (our gas in
a container), we do not have access to an ensemble of identically prepared
systems. We have only one. The ensemble would only be a useful device if
somehow the ensemble average of any observable quantity of interest (for
example, the pressure) was equal to the time average of that same property, in
our one system. This remarkable property is called ergodicity and holds for
a wide variety of macroscopic physical systems. It does not hold for some
special, finely tuned, or sufficiently simple systems, but for most cases of
interest in statistical mechanics, it does hold. Ergodicity is easy to state, and

typically very hard to prove - so we do not attempt to do so here.

I. THE MICROCANONICAL ENSEMBLE AND THE CENTRAL POSTULATE
OF STATISTICAL MECHANICS

Let us consider an ensemble of identical systems that is adiabatically and me-
chanically isolated from the rest of the Universe (and isolated from each other). This
is called a microcanonical ensemble. If each system has energy E, it is conserved.
Its generalized coordinates x are also conserved. We assume that there are no other
conserved quantities.

The central postulate of statistical mechanics is that in this ensemble, all mi-
crostates of equal energy are equally probable. Therefore, the probability density of

microstates can be written as

1
Q(E,x)

PEx;AE (ﬂ) = 6H(/J):EiAE/2, (1)

where 6y()=£+ar/2 1 a function that is 1 if the energy H(u) of the state is in the
range [E — AE/2,E + AE/2] and zero otherwise. Since pgx.ap(u) is a probability

distribution, it is normalized, and therefore
Q(E,x) = Z OH(u)=E+AE/25 ()
M

is simply the number of microstates that are in the energy shell of width AE. The
sum over microstates is a generalized sum: for continuous systems, it represents an

integration, as will be made clear by example.
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From this ensemble, let us now connect to thermodynamics. The easiest thing

that we can do is calculate the information theoretic entropy of this distribution. It is

S(E,x; AE) = ~kg > pexar(t) In prcar() = ks In Q(E, ), 3)

7
where we have multiplied by kg to express the units of entropy as those of thermo-
dynamic entropy.

The introduction of the width AE is required to make € a dimensionless quantity,
having the interpretation of a number of states. Had we replaced 0 p()-£+ae/2 by @
tight delta function 6(H(u) — E), Q would have dimensions [Q] = [energy]~!. That
said, carrying around the AE is occasionally cumbersome, especially since for most
systems, provided AE < E, the thermodynamic predictions we will make do not

depend on AE. Therefore, it is sometimes convenient to define a classical density of

microstates:
p(E) = ) 8(H() - E) @)
H
related to the number of microstates by
E+AE/2
Q(E; AE) = f dE’ p(E'), &)
E-AE]2

where we have omitted the generalized coordinate labels.

A. Deriving the laws of thermodynamics in the microcanonical ensemble

We now show how this simple probability distribution reproduces the laws of

thermodynamics.

1. The zeroth law

Let us consider two systems which were once isolated, with energies E; and E,,
and put them into contact, allowing them to exchange heat but not work. Therefore
the generalized coordinates of the two systems are fixed to their initial values prior
to contact, and we will not keep track of them in what follows. Because of the heat

exchange, the energy of each subsystem is not exactly defined. However, the total
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energy of the system is still known: itis £ = E| + E,. Importantly, if the interaction
between the two systems is small, then the space of microstates of the joint system
is the product space of the microstates of the individual systems. We could write
that a generic microstate u = p; ® u,, where u; , are microstates of the initially
isolated systems. The joint system is in a microcanonical ensemble of energy E,
and we may write the microstate probability distribution in terms of the number of
microstates in the system Q(E; AE). We express the number of microstates in terms

of the density of microstates

p(E)=fd/t1dﬂz O(H(uy) + H(uz) — E), (6)

where we have expressed the sum over microstates as an integral, assuming the

micro-coordinates to be continuous. We may write this as

p(E) = fdﬂldﬂz O(H(uy) + H(uz) — E) de’ O(H(uy) — E'), (7

or equivalently

p(E) = fd/lld#sz' 6(E" + H(uo) — EYo(H(u1) — E') = de',Ol(E')pz(E - E),
8)

where p;, are the density of states of the individual systems. The number of

microstates is simply Q(E; AE) = p(E)AE provided that AE is sufficiently small.

We may now express the entropy of the system as
S(E) =kg lnfﬂl(E'; OE)X(E — E';AE) - Sy, 9)
with §¢ = —kpIn AE. Expressed in terms of the subsystem entropies, we may write:
S(E) = kg lnde’ exp [(S1(E"; AE) + S»(E — E'; AE)) [kg] — S. (10)

The idea is now as follows: suppose there is a maximum in the argument of
the exponential (there typically will be): if this maximum is large, and it is in
the thermodynamic limit, since it is a number of states (which grows with system
size), the integral will be dominated by this maximum. Therefore, the integral is
dominated by contributions from energy E* such that

OSIEN|  _ 9SH(E)
OE" \E=E OE’ |Er=E-E

= 0. (11)



Recall that for a thermodynamic system, the first law of thermodynamics reads:
dU =TdS +J-dx + udN, (12)

and that the thermodynamic temperature is related to the thermodynamic entropy
via

ou 4 0S
= ﬁ N == T = E x,N. (13)
This relation is suggestive: if we take the information theoretic entropy of the

T

microcanonical ensemble to be equivalent to the thermodynamic entropy, and the
energy of each subsystem E to be equivalent to the internal energy U, then the

equality in Eq. (11) could be restated as
| 1
T(E*) ~ TAE-E*)
where T plays the role of a temperature. This result is suggestive of a zeroth law

(14)

of thermodynamics, because it establishes that when two systems are placed into
contact and equilibrate, they reach some common value of a state variable. It is also
clear that if we take a third system at the same “temperature” 7', the equilibration
temperature of this system with either of the two subsystems 1 or 2 will also simply
be T'. If it had entropy S 3(E) such that S ;(E")/0E’ . 1/T, then the total entropy
of systems 1 + 3 or 2 + 3 would still be maximized.

This derivation gives a picture of microscopic, and statistical picture of equili-
bration. Equilibration happens because each system, in the presence of interactions,
is optimizing for an energy with the largest number of states available to the total
system. In the microcanonical ensemble defined by systems 1+2, any state with
the same energy is equally probable, and the system can dynamically access those
states equally easily. But, the number of states depends on energy. As systems 1
and 2 interact, they can exchange energy. Since energy is conserved, the energy
of one system will increase (say system 1 without loss of generality) while the
energy of the other system increases. This process will occur until the systems find
a common energy that has the largest number of states. Since the contributions
to entropy are exponentially dominated by the entropy maximum, and because
that entropy maximum grows with the number of particles, the claim is that in the
thermodynamic limit (N — o0), the joint system 142 is exponentially more likely

to be in energy state (E*, E — E*) for systems 1 and 2 than any other energy pair.
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2. The first law

Let’s ask what happens when we do work on the system, changing the generalized

coordinates reversibly from x to X + 6x. The change in energy is

E=ES,x,N)—> E+ oF
= s X, - o
oS

as OE

N OX ‘N' X a—XLW " OX. (15)

Note that the entropy changes since the number of microstates associated with a
given energy also changes. For example, in an ideal gas, if we change the volume of
its container, the number of states increases since there are more places to arrange
the molecules consistent with the energy of the gas. The change in energy can be
written as

dE =TdS +]J - dx, (16)

using the results from the discussion of the zeroth law, and identifying the external
force J with the change in energy with respect to generalized coordinates (which
requires only mechanics to establish). While this derivation looks trivial, there are a

few things to appreciate.

1. The relation £ = E(S,Xx,N) is important in the derivation. This follows
from the fact that the number of microstates, and thus, the entropy, depends
on E,x, N, allowing us to write S = S(E, x, N), from which we can write

E = E(S,x,N).

2. The change in the generalized coordinates leads to a heat dQ = T‘;—i v 0xX,
which results from the fact that the number of microstates changes when we
change the generalized coordinates. For example, if we consider an ideal
gas in a container whose volume is controlled by a piston, if we increase the
volume of the container, the entropy increases, and so heat is generated in the

process.

3. Chemical work can readily be incorporated into this derivation, establishing

the udN term in the first law.



3. The second law

The second law follows almost immediately from the discussion of the zeroth
law. Consider two initially adiabatically and mechanically isolated systems at
initial temperatures 7'; and 7, which are allowed to equilibrate. Without loss of
generality, assume 7, > T;. We have already established that they come to a
common temperature 7. The temperature was determined by the condition that the
joint entropy reaches a maximum. If the joint entropy is S |(E*) + S,(E — E*) after
equilibration, and S ;(E) + S,(E,) before equilibration, then maximization of the

joint entropy implies that
0S =S1(E")+ S2(E - E") = (S1(Ey) + S2(Ep) > 0. 17)

Stated differently, the entropy spontaneously increases in the absence of mechanical
work when heat flows from one body to another. This is suggestive of the second
law of thermodynamics.

In most systems, temperature increases with increasing energy, and therefore it
also follows that T > T and T < T5, as is expected. In other words, heat flows from
the hotter body to the colder body. However, as we will see in the next section, for
two-level systems, the temperature can in fact decrease with energy, and even be

negative.

4. Stability criterion

The argument that the entropy is dominated by the entropy maximum requires
that the second derivative of the entropy needs to be negative. Otherwise, the integral
in Eq. (10) would diverge. Therefore, we require

PS(E) _ 0*S\(E) N S (E")
OE2 = OE? lp=p OE? |p=E-E*

<0. (18)

The result of these derivations is that by identifying the information theoretic
entropy with the thermodynamic entropy, and the energy with the internal energy,
the laws of thermodynamics follow from the equlibrium probability distribution

associated with the microcanonical ensemble. The information theoretic entropy,



like the thermodynamic entropy of Chapter 1, has the property that it acts as a
thermodynamic potential that spontaneously increases, and defines a thermodynamic

temperature.

II. CALCULATING THERMODYNAMIC PROPERTIES IN THE MICRO-
CANONICAL ENSEMBLE

We now apply the microcanonical ensemble to compute the thermodynamic
properties of two systems of interest: an arrangement of two-level systems, and the

ideal gas.

A. Two-level systems

Consider N so-called two-level systems (such as quantum spin 1/2 systems)
which are immobile: they could be defects embedded in a solid matrix, but they
do not move around. We will call each of these two-level systems atoms for
convenience. Each of these two-level systems is called such because they can exist
in one of two states: state 1 (the ground state) with energy 0 and state 2 (the excited
state) with energy €. The total energy is dictated by the number N, of these atoms
in excited states. E = Ne. Let us now compute the entropy, temperature, internal
energy, and specific heat of this system, assuming that it is in thermal equilibrium.
As illustrated in the derivations of the previous section, the entropy is the main
starting point.

The entropy is the number of states consistent with a given energy E = Nje. Itis

equal to the number of states with N; excited atoms. This is simply

N!

Q(E) = NIV NI (19)
The corresponding entropy is
N!
S(E)/kg =1In NIV N (20)

We will consider the case where N, N;, N — N; > 1. Then, the entropy may be

approximated by Stirling’s approximation as
S/kpg = —N[xInx+ (1 — x)In(1 — x)], 21
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where x = E/Ne = N /N. The temperature immediately follows as

1 as

ks E
e . 22
T O0EW. € "Ne-E (22)

This may be re-arranged to find the internal energy, yielding

Ne

E(T) = —r

(23)

Finally, the specific heat is given by

aE € 2 eE/kBT
=] — ——. 24
¢ 8T|N Nks (kT) (e€/ksT + 1)2 (24)

We do not have to specify whether the specific heat is taken at constant generalized
coordinate or constant generalized force, since there is no notion of work in this
system.

The reader is encouraged to fill out the algebraic details leading to these results.
Let us analyze these different thermodynamic expressions, starting with the entropy.

The entropy is properly extensive, and, for x < 1/2 increases with energy. The
entropy reaches a maximum at x = 1/2, corresponding to half of the atoms being
excited. Beyond this point, the entropy decreases with increasing energy. The origin
of this phenomenon is clear: in a system with discrete states (such as ground and
excited), there is an absolute maximum energy the system can have. The absolute
maximum energy has only a single microstate, corresponding to all atoms excited,
and 1s the maximally ordered state. It is as ordered as the state with zero energy
which also only has one microstate. Both the maximally unexcited and maximally
excited states are zero entropy. Because the entropy decreases with energy for
x > 1/2, the temperature of states with energy E > Ne/2 is negative. This is an
unusual circumstance because adding energy (heat) to the system causes it to become
more ordered (cool down) while removing energy makes the system less ordered.
Some systems can be described as effectively having a negative temperature, such as
atoms in a laser crystal, which can be placed in a state where there are more excited
atoms than ground state atoms, but this description is only effective, as such states
are not in thermal equilibrium.

The specific heat has the property that it goes to zero exponentially as 7 — 0

(C ~ T2e~/* for T < €/kg). This is a typical property for systems with an energy
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gap, a finite energy difference between the lowest-energy and second-lowest-energy
states. The interpretation is that, at low temperatures, the addition of energy kT < €
is not enough to add an energy € to the system, and so the energy increases very
little: in this case exponentially. At high temperatures, the specific heat is also
suppressed, scaling like C ~ T2, This is because, at high temperatures, the system
has approximately N/2 excited atoms, which is the highest entropy state. The
system can theoretically accept more energy, but it does not “want to” because it
would need to move to a more ordered state.

Another interesting quantity is the unconditional probability that one atom is
excited. In other words, irrespective of the state of all of the other atoms in the
system, what is the probability that a particular atom (say atom 1) is excited? Before
embarking on this calculation, since we will perform a similar one for the ideal
gas, it is useful to derive a general result for the unconditional one-body probability
density, derived in the subsection below. It follows that the probability that atom 0
is in the ground state (denoted m=0) is

N-Ni_, N

pi(m = 0) = Q(E; AE.N ~ D)/QE: AE,N) = — -+

(25)

while py(m = 1) = N;/N follows from normalization. This result is of course
expected because the atoms are independent of each other. It is also easy to show
that for N independent atoms with this probability density, the entropy is given by N

times the single atom entropy which is —kg(xIn x + (1 — x) In(1 — x)) with x = N;/N.

1. Unconditional probability densities in the microcanonical ensemble

Suppose we have an arrangement of non-interacting systems with one-body
Hamiltonian H(m) with m denoting the degrees of freedom relevant to the system
description. For a particle in a potential, m = (q, p) while for a two-level system, the
degree of freedom is the excitation index, e.g., 0 or 1. The probability distribution

for a microstate of the total system is given by

1
pl) = mé(l‘l(ﬂ) = E £+ AE/2), (26)

where we have indicated the argument of the discrete delta function by parentheses

for clarity. The joint microstate can be specified in the product space of the individual
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systems as y = my, my, - - - my. The conditional one-body probability density is given

by

pi(my) = Z p(my,my, -+ my) = O(H(w) = E +AE/2). (27)

1
i Q(E; AE) mzzi;w
In the right-hand side, the sum is evaluated as follows: it is the number of states
consistent with being in the energy shell £ + AE/2 and the state of subsystem 1
being m; with energy E(m,;). That number is the same as the number of microstates
of N — 1 particles consistent with an energy £ — E(m;) + AE/2. Therefore, the

unconditional one-body probability density is

pi(my) = QE — E(m); AE,N — 1)/Q(E; AE,N) (28)

III. THE IDEAL GAS: AN INCORRECT APPROACH

Now we consider the ideal gas from the perspective of the microcanonical
ensemble. It turns out that a naive approach to applying the microcanonical ensemble
gets most of the thermodynamics of the ideal gas correct, but incorrectly predicts a
non-extensive entropy. The error will require quantum mechanical considerations to
fix, and the fix leads to a simple modification of the incorrect approach. Thus, we
still pursue the “wrong” way.

The number of states in the system is found as follows: first, evaluate the density

of microstates, which is

N 2

1 = .
pEVN = o [ (ﬂ d3qid3pi] 6[2 - E) 29)
n=1

i=1

In this expression, we have introduced a constant 4 which is currently unspecified,
but has units of action [/#] = [gp]. This is needed to make the expression h% f d*qd’p
dimensionless, which is needed if we want that to represent a sum over states (the
number of states is dimensionless). Classical statistical mechanics will not give
us any way to actually know what this quantity is: at this stage, it can only be
introduced as a way to get the units right. It turns out that in quantum statistical
mechanics, we will be able to determine that this constant / is the Planck constant.
Note that the number of states has a volume dependence by virtue of the limits

of integration of the positions of the different particles: we are only interested in
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states of energy E which correspond to all N particles being in a box of volume V.
Therefore:

N

2m 3N/2 N
p(E,v,N)z(ﬁ) vy f []_[ &’ ~,.]5[pr—15], (30)
i=1

n=1
where we have rescaled coordinates to simplify matters. The remaining integral
is simplified by going into 3N-dimensional spherical coordinates. The quantity
r* = p? is the squared radius in 3N dimensions. We may change variables into

spherical coordinates, writing the integral as

22V
p(E,V,N) = (ﬁ) VNS sy E3NV2 f dr PN1e(@ - 1), (31
with 7 = r/ VE. where Sy is the surface area of a sphere of radius 1. We quote the
result here: S, = rz(’;—//; The remaining integral is simply 1/2, and so we have
2QmnE | h*)*N2yN
E,V,N) = 32
PEVN) = =N - DE (52)
and the number of microstates is
QmnE |h*)*N?2yN
Q(E,V,N) = AE. 33
( ) (BN/2-1D'E (33)

The entropy is

S =kglnQ(E,V,N) = kg (N In ((2m7rE/h2)3/2V) —In3N/2 = D! +1n AE/E),

(34)
which, using Stirling’s approximation, and neglecting terms that are subleading in
N, we have "

4rmeE
S = Nkghn|V|——% 35
ool ) 9
The temperature is given by
1 3Nkg 3
— = — E = —NkpT. 36
T 2E 27 (56)

The heat capacity at constant volume is simply 3/2Nkg. The ideal gas law is found

by finding a relation for the pressure from the first law of thermodynamics:
dE =TdS — pdV + udN. (37)
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Suppose we perform a thermodynamic transformation at constant temperature and

particle number: the energy does not change by the above equation, and so

oS p

= =L 38
oVine T (38)
which implies that

p = NkgT]V, (39)

as expected.
Before moving on, we also derive the one-particle conditional probability density.

Itis

) -3/2 N-1 P2 \3N/2-1-3/2

p 2m GBN/2-1)!  VNI(E-Z)
,p) = QE-—,V.,N-1)/QE,V,N) = |— ,

Pia.p) = AE=5 0 X ) (hZ) GNj2-3/2—- 1) VN ENI

(40)

which simplifies to

2m\ ™" 1 3/2 p’ 3/2 p’ e
P =|— VAN/2Y'"(E—-—)""|1 - — . 41
p1(q,p) (hZ) (BN/2)"( 2m) ( sz) 41)

Using E = 3/2NkgT, this simplifies to

3N/2 3/2
pi(Q,p) = V7' (K[ 2maksT)*? (1 - AN R T, (42)
3mkgT V \2mmkyT

in the limit of N — oo. This is the so-called Maxwell-Boltzmann distribution. Typi-
cally, it is not seen with the 4* factor: the conventional form is realized by omitting
the h* and changing the integration from % [ d®qd®p to [ d9d®p. Additionally, since
the position dependence is trivial (a gas molecule is equally likely to be anywhere in
the box), the distribution is typically expressed as a momentum probability density

only. Thus, we may write that the one-body momentum probability density is

3/2 2
- " kT 43
pvs(P) (27rm kBT) e s (43)

with the property that [ d*p pyg = 1.

IV. GIBBS PARADOX AND ENTROPY OF MIXING

As discussed in the unit on thermodynamics, entropy is an extensive quantity,

meaning that if we scale up all intensive variables upon which it depends by a factor
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A, the entropy will also increase by A (not to be confused with the thermal de Broglie
wavelength): S(AE, AV, AN) = AS(E, V, N). The ideal gas entropy we have derived
does not have this property. In fact, we find that S (1E, AV, AN) = AS + Nkgln A.
This error happens to be related to the entropy of mixing of the gas.

Suppose we have a container with two chambers 1,2 separated by a partition.
Chamber 1 contains an ideal gas of particles with mass m;, number of particles Ny,
and volume V, while Chamber 2 contains an ideal gas of particles with mass ms,
number of particles N,, and volume V,. Both gases are at the same temperature 7.
Intuitively, we expect that if the partition is removed, the two gases will mix in an
irreversible fashion, suggesting an increase in entropy relative to the two unmixed
gases. This is called the entropy of mixing: let’s calculate it.

The entropy of the individual gases is given from our calculation above by:

2emeksT\'" v\ 3
Si = NikB ln[V,- (%) ) = NikB (ln (?) + E) ’ (44)

where we have defined A; = h/ \2rnm;kzT. The entropy of the mixture is found by
counting the states available to the two gases. The computation is simplified by the
fact that the two gases are at the same temperature, and therefore there is no energy
exchange in the two gases. The energy of each gas is N kgT and N,kpT. Therefore,

the total number of microstates of the mixture of the two gases, 5, is
Qi = Qu(E; = NikgT, V, N1)Qp(E; = NokgT, V, N,), (45)
and the entropy is

Vv 3 Vv 3
SIZ = kB In le = leB (IH(E) + E) + NQkB (11’1 (E) + 5) . (46)

1 2

The entropy of mixing is defined as

ASmix:Su—Sl—SZ:leBInVKl+N2kBInVKZ, (47)

which is positive since V > Vi, V5, as expected.
Let’s consider the case where the two gases are identical: they are made of the
same substance (e.g., oxygen) and have the same density and temperature (and

therefore pressure). Removing the partition separating these gases does not change
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the thermodynamic state of the system. The box still looks like a gas of density n
at temperature 7', and there is nothing one can do to tell that anything has changed
when the partition is removed. The entropy change should be zero. The expression
above gives a positive non-zero answer.

In fact, our calculation of microstates of the ideal gas is in error. This could have
also been anticipated by the non-extensivity of the predicted entropy. The problem
is as follows: consider an ideal gas of N atoms of the same species (e.g., oxygen).
When we count microstates, we perform integrations such as f d*q, ---d*qy (and
similar for momentum). In this integration, if we interchange or permute the
coordinates of the N particles, that contribution from the integrand is counted: this
is how we get a V¥ in doing the position-space integrations. The reality however
is that there is no way to tell a difference if we take our N particles and permute
them: there is no classical operation that can distinguish this situation, and in fact
there is no quantum mechanical way to distinguish them either. Therefore, we have
overcounted by N! and the entropy is overcounted by InN! ~ NInN — N. The
corrected entropy of the ideal gas is therefore

D [N L T
which is the so-called Sackur-Tetrode formula for the ideal gas entropy.

Let us re-evaluate the entropy of mixing for two gases now. If the gases are
distinct, the reader should convince themselves that the entropy of mixing is the
same as previously derived. That is because the microstates of two distinct gases
1,2 are distinguishable and we simply multiply the number of microstates available
to the two gases. In the case of mixing two identical gases, the entropy becomes

%4 \%
ASmix e N]kBlnv +N2k31n7 - thl(Nl +N2)! + thlN]! + kBlIlNQ!, (49)
1 2

which, using Stirling’s approximation, yields:

ASmix i N]kB In ny + Nsz In ny, — (N] + Nz)kB 111(1’112), (50)

with ny, = (N; + N,)/V. This expression vanishes if n; = ny = np,.
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A. The ideal gas: the correct approach

The result of all this is that when counting microstates for an N particle system

where the particles are indistinguishable, we should write

1  dPqd’p;
X 155 e

Previous results for intensive quantities such as temperature, pressure and the one-
particle probability density do not need to be corrected. The reader is encouraged to
show for example that the chemical potential is correctly found as u = kgT InnA?

and that the extensivity relation E = TS — PV + uN holds.

V. ALTERNATIVE ENSEMBLES

In the beginning of this chapter, we discussed that due to a lack of knowledge
in large thermodynamic systems, we need to take a probabilistic approach, and ask
questions about the theoretical probability (subjective probability) of observing a
system to be in some particular microstate. The notion of probability brought up the
notion of an ensemble of identically prepared systems of which each member of
the ensemble has a state at a given time is drawn from the microstate probability
distribution. We related these ensemble averages to time averages by stipulating
ergodicity, allowing us to use the statistical properties of the ensemble to make
statements about a single member of the ensemble, observed over time.

We started by considering an ensemble of systems that were adiabatically and
mechanically isolated from the rest of the universe, the microcanonical ensemble.
We stipulated that all microstates of the same energy were equally likely to occur, and
through this, determined the thermodynamic properties of systems such as two-level
system ensembles and the ideal gas. In principle, we can use the microcanonical
ensemble to make predictions about any classical statistical mechanical system.

It turns out that these calculations can be made easier by considering alternative
ensembles. In the thermodynamic limit, the results in any ensemble turn out to
be identical. Outside of the thermodynamic limit, we get that in some ensembles,

certain observable quantities fluctuate, while in others, the quantities are exactly
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known. Let us introduce and derive in detail two alternative ensembles, the canonical
ensemble and the grand canonical ensemble, which are used heavily in the remainder
of the course. We will briefly state the so-called Gibbs ensemble, which typically
does not offer much simplification of the statistical mechanics problems we consider

in this course.

A. Canonical ensemble

Let us consider an ensemble of systems (S) which can exchange heat with a
reservoir (R) at temperature 7. The system and reservoir are adiabatically and
mechanically isolated from the rest of the Universe, defining a microcanonical
ensemble for the joint system S + R. However, what we are actually interested in
is the probability distribution of microstates of the system ug, which is found by
taking the probability distribution for joint microstates, and summing over reservoir
states. Since the joint system defines a microcanonical ensemble of energy E, we
may write that the probability of joint microstates, p(us, tr), is given by:

1

, = ———————OH(uo.up)=E=+ , 52
p(us, ug) Qsx(E:AE) H(us ug)=E+AE/2 (52)

where Qg r(E; AE) is the total number of joint microstates consistent with energy E,
and H(us, pg) is the Hamiltonian of the system and reservoir H(us, ug) =~ H(us) +
H(ug) in the case where their interaction represents a weak perturbation, as we
have assumed previously when discussing the thermalization of two systems and
the zeroth law of thermodynamics. The unconditional probability distribution for a
system microstate ug is
1
plus) = m ; O H(us ug)=E+AE/2> (53)

which may be evaluated by inserting 1 as:

1 1
P(IJS) = m ; 511(;45 JR)=E+AE/2 ; 6H(/ls)=E/ = m ; %} 5H(HR):E_E/iAE/25H(HS)=E,’
(54)
which can be written as
Qr(E — H(us); AE)
pus) = —RE = Hls) AF) (55)

Qsr(E; AE)
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We now wish to express this result in terms of entropies, resulting in:
1
pus) = exp k_(SR(E — H(us); AE)) — S(ESAE)|. (56)
B

The reservoir is assumed to be much larger than the system. Therefore, by extensiv-
ity, we expect that the typical energy of the reservoir is much larger than the typical
energy of the system. If we define E* as the most likely energy of the system, then

we are stipulating that E > E*. Therefore, we may Taylor expand the reservoir

entropy as
1 H 1
pus) = exp | —(Sg(E; AE)) — ws) —S(E;AE)| = —ePHWs), (57)
kg T Z
where we have defined g = kBLT (as factors of B show up very frequently),

and defined a normalization constant, called the partition function Z7' =
exp [k;(S rR(E;AE) — S (E,; AE))]. This quantity is constant with respect to vari-
ations of the system microstate us. Since we know that the left-hand side of the
previous equation is a probability, it must be that

Z=ZT,x,N)= ) e, (58)

HS

The partition function in and of itself is probably the most useful quantity to con-
sider in the canonical ensemble. To see why, let us first relate Z to thermodynamic

quantities by evaluating it.

’

, dE , )
_ r ~BH(us) s( " _ _ ' BE (Y —BE’ S5 (E";AE)/k
Z—;dee S(E H(,ug))—dee p(E)—fAEe ¢S 5
S
(59)
with p(E’) being the density of system microstates, related to the total number

of microstates in an energy shell of width AE by Q(E’,AE) = p(E")AE’. The

argument of the exponential is suggestive of a free energy, as we may write —SE’ +
Ss(E';0E)/ kg = —B(E’ — TS(E"; AE)). The dependence on AE does however
appear confusing, as we do not stipulate a AE when specifying a thermodynamic
free energy. Note that the dependence of S on AE is logarithmic. We know that a
typical form of S ~InQ ~ In{NAE ~ NIn + In AE ~ N In/. In other words, the
energy width is negligible in the thermodynamic limit. Therefore, the AE parameter

is essentially irrelevant, and we identify F(E’) = E' — TS (E’), and write

dE, ’
7z = fﬁe_ﬁF(E ) (60)
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Like many sums over exponential quantities, it is dominated by the extremum of the
argument of the exponential E* (at fixed temperature). The dominant contribution

comes from the minimum of the free energy. Let us evaluate it:

1 1 _d°F : 2 1
Z~— | dE'exp|-BF(E") - =f—| (E—-E)|=e?) | ——
- exp[ BF(EY) - 2B« )} y AT AF

(61)
The free energy derivative is evaluated as
dBF)  1d°S 1 dT‘l‘ _1dr 3 62)
dE>  kgdE*le=er1 kg dE \E=e*7 kT2 dE\e=£*7 ~ kgT?Cy’

The partition function then becomes

Z ~ (AE) " \2mkpT2Cre PTED. (63)

The logarithm is given as

InZ = —BF(E*) + In(AE) ™" \2nkpT2Cy ~ —BF(E*). (64)

In the thermodynamic limit, since F ~ N and Cx ~ N, the logarithm is dominated

by —BF(E*) as N — oo. Therefore, we write
F(T,x,N)=F(E*) = —kT InZ. (65)

The partition function is associated with the free energy function assuming that the
system is at its most likely energy. How likely is the system to be at this energy?
We need the probability density as a function of energy, rather than microstate, to
answer that. It is straightforwardly found as:

1 1 1 _ (=B
p(E) = Z —ePHU) §(H(us) — E) = ——ePFE = — T’ (66)

—Z ZAE \21ksT2C,

This probability density tells us that the mean energy (E) = E* (so the mean is the

mode), and the energy uncertainty is o = +/2kgT?Cy. The relative ratio is

G
RN RS (67)

which goes to zero in the thermodynamic limit. Therefore, we may say that the

energy becomes sharply defined in the thermodynamic limit.

21



It is conceptually satisfying to explicitly construct the distribution function for
the system energies. If one wants average energies, variances, and cumulants, there
is a simpler way which in practice is more useful for calculations. In particular,
differentiating the partition function with respect to 8 gives

12
Z 0B

1

=7 D Hus)e ) = (E). (68)

s

Taking the second derivative of Z with respect to 8 gives the second moment via

10*Z
——Z|  =(E%.
Z I (E7) (69)
The variance is then found as
1677 1(6Z, \* 0&*InZ
2 _— —_ — | — =
TET Zop kT 22 (8ﬁ x,zv) B Ik’ (70)

B. Grand canonical ensemble

The grand canonical ensemble expands on the idea of the canonical ensemble
by allowing the particle and reservoir to not only exchange energy, but also particle
number. The total energy of system and reservoir is £, and the total particle number
of system and reservoir is N. The setup is otherwise the same. In what follows, we
skip most of the steps of the derivation of the unconditional probability distribution,
as it is similar to the derivations in the canonical ensemble. The main conceptual
difference is that the microstates of the system have variable particle number.

The unconditional probability distribution we define is p(us, N|N(u;) = N)

where ug refers to a system microstate with N particles. It immediately follows that

Qr(E - H ,N—N
plus, NIN(s) = N) = =254 Qil;il)f v Ws)) (71)

where we have omitted references to AE. Expressing the number of microstates in
terms of entropy, and using E* <« E and N* < N (in other words, that the most like
energy and particle number of the system is much less than those of the reservoir),
we have

plus, NIN(uy) = N) = éeﬂ”N_ﬁH(””, (72)
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where we have made the identification STS\, e —%, which follows from the first law
X

of thermodynamics (we are, and have been implicitly assuming that the correspon-

dence between information theoretic and thermodynamic quantities is perfect). The

grand canonical partition function is simply
Q= Z PN Z o PHs) (73)
N=0 Hs;N(us)=N
The probability that the system has N particles, and any energy, is simply given

by the sum over microstates of a given number of particles N, and is

Z(T,x,N)
N) =N 22— 74
p(N) QT.x.10) (74)
allowing us to equivalently express the grand canonical partition function as:
QT x, 1) = Y AVIT, X, N). (75)

N=0
As in the canonical ensemble, we can identify the mean number of particles and
the variance of the number of particles by finding the extremum and curvature of
the argument of the exponent. We proceed by expressing p(N) ~ NIz —
ePUNPEN) . PG where 1 have suppressed other dependences of Z on temperature
and generalized coordinates and have introduced the grand potential G. The maxi-
mum of the argument of the exponent with respect to N gives the mean number of

particles:
oF

IJ:WT,X

Note that while in thermodynamics, y depends on the mean number of particles,

(N*, T, x). (76)

in this expression for the probabilities, it is a constant with respect to N. This is
an implicit equation which determines the most likely number of particles N* in
terms of the chemical potential. The fluctuations are found in terms of the second

derivative of the exponential argument, as

1 0*F ou
— =B8—| (N)=B—| , 77
= o], (V) =pan] (77)
which may be re-arranged as
ON
oy =kgT—| (NY). (78)
(9# Tx
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Similarly to the case of the canonical ensemble, we may take derivatives of the
grand canonical partition function in order to find the mean, variance, and higher-
order cumulants of the particle number. The derivation is parallel to the case of the

canonical ensemble and it is

1 0Q
—_ | =(N 79
QG0 7 (N) (79)
The variance is then found as
’InQ
2 . 80
oN= o2 s (80)

Similarly to the case of the canonical ensemble, we may relate the grand partition

function to the grand potential via
G = —kgT InQ(T, x, ). (81)

By extensivity, we may write G = J - X. Therefore InQ = —J - x/kgT, and so

0@ __L . 0J
N = Bl ™ T aBw 2
while
SR N
TN T Tl T A’ ®9

Let us consider as an example, a system where the generalized coordinate is the

volume. Then J - x = —PV. The mean number of particles is

oP
(N)=V—, (84)
ou
while the variance is
O{N)
oy = kgT o (85)

The variance, relative to the mean, sometimes called the Fano factor, is given by

oy kT 9(N)

N "V 0P I = nkgTkr, (86)
where k7 = —V~'1dV/OP| is the isothermal compressibility. In order for the ratio of
variance to mean to be positive, we require that kr > 0 - in analogy to the statement
in the canonical ensemble that the specific heat must be positive to have a positive

energy variance.
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C. Examples in the canonical and grand canonical ensemble

Let us now apply the ideas we have developed in the context of a familiar system
such as the ideal gas. We will compute the thermodynamic properties of the ideal

gas in the canonical and grand-canonical ensemble.

1. Ideal gas: canonical ensemble

The starting point is the partition function. The partition function is given by

1 N Bgdp; 7 \2rmksT 1 (VY
N 2 P Bay |
Z_N!f(l—[ B N'l—[ ( ) NI (43) - @7

i=1
The free-energy is given by
F=—kTInZ = —kzT (N InV/23-NInN + N) — —NksT (1n(;m3)-l + 1), (88)

with n = N/V. The internal energy is given by

E=-

oz, 9 p 3N 3
o ' L ===-3NInp =2 — 2 NkgT. (89)

OB 28 2
The entropy is given by
S =(E - F)/T = Nkg (1n(n/13)-1 + %) (90)

The chemical potential is given by

oF

- 3-1 B 5
ONlrv ~ —ksT (ln(”’1 )+ 1) + kT = kpT In(nA°). 1)

/l:

The pressure may immediately be found via

F - uN
p=-—"F

= NkgT/V. 92)

You may have noticed that the math associated with the calculation of the
partition function (the normalization constant for the canonical ensemble microstate
probability distribution) was considerably simpler than the math associated with the
number of microstates (the normalization constant for the microcanonical ensemble
microstate probability distribution). The origin of this is that in the microcanonical

ensemble, we are counting states with a constraint that the energy is within some
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energy shell. Often, counting states with a constraint is harder than counting
without constraints. In the canonical case, we relax that constraint, allowing the
system to have any energy, integrating over all possible states, but with a weight
factor e ##. The magic here is that in the thermodynamic limit, the energy in the
canonical ensemble becomes sharply defined anyway giving the same result as the

microcanonical ensemble.

2. Ideal gas: grand canonical ensemble

The case of the grand canonical ensemble is similarly simple. The grand canoni-

cal partition function is

[ [

QT = Y PVZNT.V) = 3 NV Nt = exp [fﬂ%] . 93)

N=0 N=0
The mean number of particles is given by (I’m omitting average brackets with the

implicit assumption that we are in the thermodynamic limit):

d0lnQ %
= =P = kpT InnA>. 94

The pressure is given by

G=—kyTInQ=—-PV = P=NkgT/V, (95)

using In@ = e# % = N.

We may now work backwards to the other potentials. For example, we know that
F =G +uN = =NkgT + NkgT Inn2® = —=NksT (In(na*)™ + 1).  (96)

and that implies an entropy of

_OF| 31 3 31, D
S ===, = Nhs (In(n2*)~" + 1) + NksT - = Nkg In (mw ) on

And of course, the energy E = %NkBT, which follows from £ = F - TS.

To summarize, we have computed the thermodynamic potentials and the equation
of state for the ideal gas in the microcanonical, canonical, and grand canonical
ensemble, with all three being in exact agreement in the thermodynamic limit of
N — oo. At the same time, the different ensembles give a different picture of what

is going on, and have computational ad2V6antages relative to each other.
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